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1 Introduction

In this chapter we give a survey of the modeling methodology for physiologically
structured populations developed in Metz and Diekmann (1986) with a stress on
simple techniques and applications. The main application considered is a size-
(and age-) structured model for Daphnia population dynamics based on the ideas
in Kooijman and Metz (1984). Although admittedly considerably simplified, this
model appears to be able to generate all three types of observed Daphnia popula-
tion behavior distinguished by Murdoch and McCauley (1985), a feat not (yet)
reproduced by any of its competitors.

L1 Why Structure?

Any mathematical model, just as any experiment, necessarily entails a good deal
of simplification. The idea is to study mechanisms in their bare essentials,
unobscured by all the wonderful detail present in nature. The ultimate aim is to
help unravel the natural network of cause and effect by elucidating the general
principles pertaining to its links. Therefore any simplifications made by the
modeler, or rather any complexity retained, should directly bear on the principles
he or she is searching for; and model and observation should be confronted
judiciously, taking each for what it is worth.

In the classical lumped models of population dynamics, all individuals are
treated as if they were the same. This is a useful ploy when the essentials of the
population process under study can be captured in a few empirically meaningful
parameters that do describe the gross interactions among individuals.

Usually the individuals making up a population are far from the same, and
quantities like per capita birth and death rates are but “population properties”,
i, averages over the whole population, instead of direct reflections of chances
common to all individuals. This often precludes the in-depth quantitative con-
frontation of lumped models with real data.

A second limitation of lumped models is that the essence of many
mechanisms determining population behavior is directly related to precisely those
individual differences referred to above, as, for example, when food scarcity af-
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fects reproduction mainly indirectly, by keeping individuals longer in the non-re-
productive size range.

Apparently there is a need for modeling strategies, and corresponding
mathematical toolboxes, that not only take into account the total size of a popula-
tion but also its structure, where “structure” refers to any subdivision on the basis
of one or more traits of the individuals. In this paper we shall concentrate on
physiological structure, where the adjective “physiological” serves to single out
traits such as age or size, which reflect dynamical processes in the individual.

1.2 State Representations

Below we shall often need corresponding concepts on the individual and the pop-
ulation levels. The prefixes i- and p- will be used as distinguishing qualifiers.

1.2.1 The i-State

The fact that we are looking for models with a mechanistic pretension means that
we cannot just use any collection of i-traits: the traits considered should together
qualify as i-state.

Loosely speaking, a collection of variables qualifies as the state of a system
if (1) the behavior (output) of the system at time ¢ is fully determined by the values
of these variables plus the condition of the environment (input) at #, and (2) the
values of these variables at ¢+ 7 are fully determined by their values at # plus the
intervening environmental history. Here “fully determined” should be interpreted
in a stochastic sense: taking account of the past does not improve the prediction,
all its influence is channeled through the present state.

Below we shall allow i-outputs to be stochastic, but we shall consider only
deterministic i-state movements. We shall moreover assume that we may
characterize the i-state by a finite list of continuous variables; in other words, the
i-state will be a finite dimensional vector. The components of the i-state vector
we call i-state variables.

Example: If the probability of producing offspring as well as offspring number,
the probability of dying, and the feeding rate of an individual (i.e., the popula-
tion-dynamically relevant i-behavior) all depend only on its size and the current
food conditions, and if growth only depends on the current size and the current
food conditions, size qualifies as i-state.

i-State representations can be constructed using either mechanistic, i.e., physi-
ological, or purely empirical, input-output-based, considerations. Examples of
state variables of a physiological provenance are size and energy reserves; ex-
amples of state variables constructed from input-output data are (physiological)
age and development index.

1.2.2 The p-State

The tenet of the physiologically structured population methodology as set out in
Metz and Diekmann (1986) is that we should take the p-state to be a frequency
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distribution over the space of possible i-states £2. This frequency distribution
serves as the mathematical counterpart of the real population present in nature.
The dynamics of the p-state takes the form of a continual shifting of this frequen-
cy distribution due to the continuous movement of individuals through £ in the
course of their lives, combined with local decreases due to deaths, and local in-
creases as a result of births. Any p-outputs, such as for example total population
size or food consumption, can be calculated as integrals of this frequency distri-
bution with some weighting function.

Implicit in this picture of a population is the assumption that all individuals
experience the same environmental inputs, such as food availability or predator
density. Biologically this is equivalent to the individuals (or the environment) mix-
ing homogeneously on the time scale of the processes under study.

A final assumption will be that we are dealing with large total numbers of in-
dividuals, so that we can phrase our models in a deterministic fashion. This also
entails that we can represent the p-state by a density function n, where n(t, x)dx
is the number (or rather number per unit of area of volume) of individuals in a
little 2-volume of size dx around the i-state x. (If you are not familiar with vector
notation, please imagine that we are dealing with scalar i-states only. There really
is not a great difference.)

1.3 Concluding Remarks

The argument so far may be summarized in the following recipe for the construc-
tion of a physiologically structured population model:

1. Track down an appropriate set of i-state variables (e.g., size and age) and deter-
mine the corresponding i-state space 2.

2. Find expressions for the deterministic motion of the i-state (growing, “pro-
ceeding of time”), in dependence on the i-state itself and the environmental
conditions.

3. Find expressions for the rate of occurrence of the stochastic jump contribu-
tions (deaths, births), again in dependence on i-state and environment.

To this we have to add:

4. Write down equations for the p-state incorporating those features, and, last
but not least, "

5. analyze the resulting p-equations to distil relevant biological information.

Step (4) will be covered in general terms in Section 2. There we shall also con-
sider two equivalent alternative equations which can be of considerable help when
it comes to step (5). If that section seems unduly abstract we ask you to bear with
us, as the examples in the next sections probably will clarify the issue (and if it
is really too much: Subsections 2.2 and 2.3 can, if necessary, be skipped on first
reading). |

As yet there are few general procedures for dealing with step (5), but neither
are there for lumped population models of any complexity. In Section 3 we shall
give some indication of what can be done. The example in that section has size
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as its main i-state variable in accordance with the theme of this volume. However,
the reason why we worked so hard on studying this example to begin with, is that
size usually exerts a quite drastic influence on the population dynamical behavior
of ectotherms, making it an i-state variable worthy of a great deal of attention.

2 Population Equations
2.1 The p-Equation

In this subsection we shall discuss in general terms the basic differential equation
for the p-state, expressing the balance of all the infinitesimal contributions to the
change in n(t,x). For more details you are referred to Metz and Diekmann (1986)
and the references therein.

To simplify the discussion, we shall start by assuming that the i-state is one-
dimensional, so that we can make the imagery of a shifting frequency distribution
somewhat more concrete by visualizing the population as a heap of sand lying on
a conveyor belt, with x the distance from the start of the belt, as depicted in Fig.
1. Only this conveyor does not move everywhere with the same velocity: at time
t and position x the local velocity equals the speed of movement of the i-state,
V[E(t),x] where E(t) is the condition of the environment at time t. If you wish
you may think of x as size, and of v[E(t),x] as the growth rate of individuals of
size x at food availability E(t).

If we neglect births and deaths, we can calculate the change in the number of
individuals between x and x+dx, dn(t,x)dx/dt, by subtracting the outstream at
x+dx, v[E(t),x+dx]n(t,x+dx), from the instream v [E (), x]n (t, X) at x. Next we
divide through by dx. Adding births and subtracting deaths finally gives

on(t,x) _ Imim@.x_:?xv
at ax

+by(t, x)— g [E (1), x]n(t,x) , (1a)

where the index I is added to indicate that we are dealing with a birth rate and
a per-capita death rate pertaining to the interior of Q.

The fact that v depends on x has an interesting consequence, A conveyor belt
can only move at different speeds at different places if it contracts wherever it
slows down and expands wherever it speeds up. Where it contracts the sand
cumulates, as the same amount of sand has to be accommodated on a smaller
amount of length, and where it expands the sand spreads out. To see how this ef-
fect is accounted for in Eq. (1a) we write

births

Fig. 1. Conveyor belt representation of a physiological
physiologically structured population with
a one-dimensional i-state space deaths
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If n had represented the heights of a collection of rigid sticks riding along with
the conveyor belt, as depicted in Fig. 2A, only the term v8n/8x would have ap-
peared in our equation (we would then of course also miss out the birth and death
terms). The term dv/8x n takes care of mass conservation; —9v/8x is positive
where the conveyor belt contracts and negative where it expands.

Apart from the deaths represented by 4;n, some more deaths may be implicit
in the combination of our assumptions about £ and Eq. (1 a). If the conveyor belt
is of finite length, say that it ends at X,,,, and V[E(t), XpaJ n(t, Xpeye) >0, then
there is a net loss of sand at the end. This occurs for example when x represents
age, and we decide to idealize a near constant duration of life by letting everybody
die at exactly Xp,, [a mathematical alternative is formally to extend 2 beyond
Xmax, and to set n(t,x) equal to zero for x> Xy,

Our balance law expressed in (1 a) has to be completed by indicating what hap-
pens at the start of the conveyor belt. We shall denote the corresponding i-state
as Xp, Xp<Xmax» Where the b symbolizes that this usually is the place where
newborns start their lives [the B&J exception are purely size-dependent models

ELASTIC CONVEYOR BELT

pure transport

Mwn |<ccmm -

movement

transport plus mass conservation

Fig. 2. The effect of local
speed changes of the conveyor
movement stacking belt

+ ..w n(x)
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in which individuals multiply by dividing; it is to accommodate such models as
well, that we introduced the term b; in Eq. (1a)]. Equating the rate at which in-
dividuals enter © past x, to the birth rate at the boundary, by, gives

VIE(t), xp] n(t, x,) = bg(t,x}) . (1b)

[Note that the second argument in bg(t, x,) takes a fixed value; it is introduced
only as a preparation for the case of higher dimensional Q.]

The p-equation is completed by giving recipes for calculating the birth rates
by summing the births coming from all different sorts of parents

cw Aﬁ. Xcv = u.M uw —m AHV. Xps vm_ n Aﬁ. v~v Qv\ ]
bit,x) = MU BIE®,x yIn(t,y)dy , (1c)

where fg and B are the per capita birth rates (usually either 8; or B is zero), and
by giving recipes for calculating the relevant p-outputs F;, i =1, ..., k. The lat-
ter are necessarily of the form

Fi(t) = {K[E(®),x]n(t,x)dx . (1d)
Q

An example is k = 2, F, the population feeding rate, and F, the population size,
in which case we should choose f, to be the food-availability and i-state-depen-
dent i-feeding rate, and f,[E(t),x] = 1.

All the quantities v, uy, Bg, B, and f; in theory at least may depend on the
condition of the environment. Whether this also is the case in practice depends
on the particular biological problem under consideration. For a given course of
the environment Eq. (1) is linear, which is an important mathematical asset. How-
ever, we may also make the environment dependent on the p-output, either in-
directly, for example by letting v depend on food availability and writing down
an equation for the food dynamics which contains the p-feeding rate as one of
its terms, or directly, for example by letting the death rate 4, include a compo-
nent due to cannibalism, thus making the coupled equations nonlinear. It is
especially this possibility of incorporating feedbacks through the environment
which allows us to study all sorts of interesting biological questions.

The generalization of Eq. (1a) to higher dimensional Q (see Fig. 3) is

%u - g MEOIRED b 0 -mE O | 2a)
i X;

where the v; denote the components of the i-state velocity in the direction of the
coordinate axes. The generalization of Eq. (1b) is

9 ANGV- v Hm Aﬂv' Xivﬂ.ﬁﬁ- va = Gm AH. Nuv ».OH x—u € @ + b > AN Uv

where h denotes the so-called “inward normal” at the instream boundary 8, Q
(ie., a vector of unit length orthogonal to 8, 2 pointing into 2) and (.,.)
denotes the inner product. The corresponding Eqs. (2¢) and (2d) look exactly the
same as their one-dimensional counterparts.
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* Fig. 3. A hypothetical two dimensional i-state

space 2
X2 5.0

8.Q

Xy ==

2.2 The Cohort Representation

v

We can also look at a population as a collection of cohorts. The cohort represen-
tation and the representation as a frequency distribution over an i-state space
coincide only in the purely age-dependent case.

In the general case it is not sufficient to distinguish cohorts by how long ago
they were born, a (from age). We also have to distinguish between individuals
born with different i-states x,. Moreover we have to keep track of the i-state of
the individuals making up a cohort, x(t,a,xp). As the cohorts themselves are
necessarily infinitesimally small, we introduce a density function m such that
m(t, a, Xp)dx,da equals the number of individuals having ages in an age bracket
of size da around a and birth states in a small Qy-volume of size dx, around x;,
where Q, is the set of possible birth states. By the same argument as in the previ-
ous section (we just have many age conveyor belts moving in parallel, one for each
value of x,) we find that m satisfies

dm(,a,x) __8m(t,a,xy)
ot 0a
together with

— Uy mm Aﬁvu X Aﬁu Mn *Gv_ BAP a, ﬂcv ’ Aw mv

t
m(t,0,%,) =b(t,xy) = § § BIE(),xp,x(t,a,y)Im(t,a,y,)dy,da+by(t,x,) ,
0 Q, @3b)

where b is the birth rate, split up according to birth state x,, 8 is equal to either
B or B; depending on which of them is nonzero, and b, represents the births
from parents present at the start of the experiment; as these parents may be of
mixed origins, and hence may have experienced different environmental histories,
we cannot assume a simple relation between their i-state and their age plus state
at birth even when the latter quantities are known.

To arrive at an equation for x(t, a, x,) we first consider the case where x is size
so that we may visualize x as the heights of a collection of growing sticks hitching
a ride on the same conveyor belts as the cohorts. This picture has already made
its appearance in the previous subsection, except that there the sticks did stay the
same length. To account for the growth of the sticks we just add a growth term
V[E(t),x(t,a,xp)] at the right hand side:
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o) b2 (k) xt,a,x0 | 39
a

ot 0

xAﬁu 0, ﬂcv =Xp - Aw QV

For the general case we only have to interpret v,x and x, as vectors.

To calculate b, we split up the parent population into “cohorts” character-
ized by their i-state y at t = 0. The cohort i-states as a function of time and initial
cohort i-state we shall denote as x; and the corresponding density function
representing the cohort sizes as my. Then

bo(t, xp) = N_u BIE (), Xy, Xo(t, Y)Imy(t, y)dy . (e
Moreover my and x, satisfy the equations

S - O XIIMY) « 0,3 =n0.Y) , 3
and

208 VEOKE . RO =Y - Ge)

‘We complete the cohort representation by indicating how we should calculate
the p-outputs:
t
F®={ | f[E®,x(tax)Im(ta,x,)dx,da+Fg(t) , (3h)
N
where Fg;(t) denotes the contribution by the survivors from the parent popula-
tion,

Foi(t) = § fi[E(), xo(t, Y)Imo(t, y)dy . (i)
Q2

2.3 An Integral Equation for the Birth Rate

Equations (2) and (3) may both rightfully be considered generalizations of the
McKendrick (Von Foerster) partial differential equation of age dependent popula-
tion theory. The counterpart of Lotka’s integral equation is

t
b(t,x,) = M “m BIE(1), 3, X, ¥,]b(t—2, y,) dy, da+by(t,xy) , (4a)
b

where B[E(t), a, X, ¥,] dx;, is the rate at which individuals born a time units ago
in i-state y, produce offspring in an £,-volume of size dx, around x. b, has al-
ready been defined above. This equation has to be completed with a number of
equations from which B can be calculated. We first express B in the per-capita
birth rate £ and the probability # that a prospective parent survived from its birth
a time units ago to the present:
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B —m Aﬁv. a, Xp, %UH = u _”m AHV« Xp, X Aw« a, %?Vu r“nﬁﬂ. a, %-uv . Ah —Uv

x satisfies Eq. (3¢), for future reference here renamed into (4c), just as before,
together with

x(t,0,¥p) = yp » 4d)
and ¥ satifies

@..Q.APN-%GV = |@.N.AH.N.%GV
ot da

~u[E(),x(t,a,y,)] Z(t,a,yp) , (4¢)

together with
Ft,0,yp) =1 . “f)

The p-outputs can be calculated from
t

F)={ | GE@®.x(a,y,)] #(t.a,y,)b(t—a,y,)dyyda+F(t) . (4g)
0 o .

For any realistic population model both by(t, x).and Fy;(t) go to zero for large
time. Therefore Eq. (4) suffices for the study of the long-term behavior of the
population. If we wish to study an initial value problem we may just add (3e) to
(3g) plus (3i).

2.4 Concluding Remarks

Equations (2), (3) and (4) are fully equivalent. Chapter III Section 4 of part A
of Metz and Diekmann (1986) gives the forfnal mathematical machinery for
transforming them into each other. However, they are not equivalent in the ease
with which they can be used in various applications: some problems are more easi-
ly investigated using (2) and others using (3) or (4). For example, in De Roos
(1988) an efficient numerical technique is developed for the treatment of physio-
logically structured ‘population models by what is essentially an unusual
discretization of (3) in combination with an expansion procedure applied to (2).
The various Daphnia simulations below were all performed using this technique.
Therefore it is a good idea to keep them all three in mind, and to switch equations,
and associated imagery, whenever there seems to be an advantage in doing so.

3 mxriu_ﬁ Daphnia Population Dynamics

3.1 Introduction

In this section we shall treat in some detail a size- (and age-) structured model
for the population dynamics of ectotherms. This model was originally developed

with an eye on the waterflea Daphnia magna. Its experimental underpinning for
different constant food availabilities is discussed in Kooijman and Metz (1984).
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Various mathematical and biological fine points in the derivation of the p-equa-
tion, as well as further refinements of the model structure are considered in
Diekmann et al. (1984), Metz and Diekmann (1986), Heijmans and Metz (1986),
and Thieme (1988).

A number of detailed and complicated Daphnia models have been proposed
(Sinko and Streifer 1969) or are currently under investigation, notably by Lynch
(in press), by Nisbet, Gurney, McCauley and Murdoch (in prep), and by Kooijman
(1986 a, Kooijman, Van der Hoeven and Van der Werf in press). This presence of
alternative, competing, frameworks adds a good deal to the scientific interest of
the Daphnia work. At the two extremes, Lynch’s model is mainly a collation of
empirical curves pertaining to various aspects of the overall individual physiology,
whereas Kooijman’s model is to a large extent based on a priori considerations.
The models by Nisbet and coworkers, and by Kooijman include energy reserves
as a third i-state variable, in addition to size and age. This is especially important
at times of rapid changes in food availability. Kooijman’s model is a direct exten-
sion of the model described below. In contrast to the models by Lynch and by
Nisbet and coworkers it was never meant to specifically mimic the known details
of Daphnia physiology, but to provide insights of a general nature. Various papers
by Kooijman (1986 b,c, 1988) i.a. attest to its usefulness for collating data on in-
dividual growth physiology from all over the animal kingdom.

For the sake of tractability, we shall temporarily neglect the undoubted
presence of energy reserves, as well as any other refinements. We just had to learn
our trade in easy steps. Moreover, results from the simple model already are of
considerable interest in their own right. After all, the search for principles that
is science should be guided by a plethora of particulars. A logical next step should
be investigating how our present results stand up against the various modification
.that have been proposed.

3.2 Model Formulation

3.2.1 The i-Model

Below | will denote length and a age. These are the i-state variables. The environ-
ment is characterized by only one variable, food availability (i.e., density or con-
centration) x. A survey of the identifiable parameter combinations together with
their interpretation can be found in Table 1.

The model formulation starts from the simplified picture of an animal shown
in Fig. 4, plus the assumption that animals of different sizes have similar
geometries, so that surface area and (wet) weight are proportional to 12 and I°
respectively. Below we shall just identify these quantities; this only affects the
values of the various proportionality constants. Food intake is assumed to be pro-
portional to surface area and to depend on food availability through a hyperbolic
functional response. The energy gained is channeled either to reproduction or
basal metabolism plus growth in fixed proportions 1 —x and x. Growth results
only after basal metabolism has had its share, which is assumed to be propor-
tional to the animal’s weight, with proportionality constant {. (All energetic
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Table 1. Daphnia parameters used in preparing the figures®

Ly

& 710~ 5ml cell ! Shape parameter of the functional response
v 1.776 105 cell mm~2 Maximum ingestion rate per unit surface
d~! Daphnia~! area®
K 0.3333 Fraction of assimilated energy not channel-
ed to reproduction
1y 0.8 mm Length at birth
2.5mm Length at which reproduction starts
ln=xv/{ 6.6 mm Maximum attainable length
y={/(3n) 0.17d°! Time constant of approach to asymptotic

size under constant food conditions
Ry, = 0(1 -x)vI 10d~" Maximum attainable reproduction®
Aax 70d Maximum attainable age

2 Based on the figures in Kooijman and Metz (1984) for Daphnia magna feeding on Chlorella.

b This quantity is only used to calculate the uptake of food cells in Eq. (12) and (13). In the Daphnia
equations it never appears separately, but only in the parameter combinations 1, y, R, determining
growth and reproduction.

¢ This quantity is much too low. A realistic estimate is 30 or even higher. However, this is the only
value for which we have a complete set of pictures. Making R, larger does not appear to lead to
qualitatively different results. The main quantitative difference is that the subsistence food density,
X, from Sections 3.3 and 3.4 becomes lower.

P 1-K reproduction =
food intake V
» K Bowmmw.“__ms growthr-q .
) I Fig. 4. A schematic representa-
' 1 ! tion of the energy channeling in
bemcmmee e e = I SRS S J the Daphnia model

quantities will be expressed in food equivalents, as this eliminates one more
parameter.) The (constant) growth cost per unit weight will be called ». For con-
sistency reasons we moreover add (remember, we did not include reserve energy
in the model, and we want to minimize deaths from starvation): If the food
availability decreases to the extent that x times the ingested energy does not suf-
fice for the basal metabolic requirements, the energy-channeling rule changes so
that basal metabolism still is catered for, but only just, and growth stops. Together
these assumptions lead to the, slightly adapted, Von Bertalanffy growth equation
(see, e.g., Beverton and Holt 1957) (we shall from now on refrain from always
writing the arguments of any functions in full)
dl

_
a|~um?cuwm _xicoln_f aa

together with

£x
f(x) =
x) Trex (5b)
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where the + signifies that any negative quantity between the brackets is replaced
by zero. Size at birth is assumed to be fixed at I,,.

In calculating the birth rate § we shall cheat a bit. Experimentally, waterfleas
grown at different food concentrations were found not to produce eggs below a
certain size Iy, and to start producing eggs as soon they grew above this size, in-
dependent of the age at which this happened. We shall incorporate this by just
setting the birth rate equal to zero for 1<I; (as a tongue in cheek explanation we
may say that below I; the reproductive energy flow drains to the production of
gonadal tissue and/or differentiation). The energetic cost of one young we shall
call 1/6. All together this gives us

Bx1D=0 for 1<I;
=0(@-Kx)vix)P? I <l<](x)
= 0[PP Ix)<l, (6a)
where
1(x) = kvf(x)/¢ (6b)

is the size for which at the current food density the + in Eq. (5a) starts to work.
For the death rate we assume

ux,a,l) =g+ x@+wxl , (7a)
with

f

0 for I1<I(®)
o 1>1x) , (7b)

x@)=0 for a<ay, and w(x])

= ® a>anay
where
[(x) = vf(x)/¢ (7¢)

is the size for which basal metabolism equals energy intake. ¢ represents random
deaths due to for example predation. Below we shall treat ¢ as a free parameter,
as it is so well amenable to experimental [manipulation. x was introduced first of
all to allow us to study any possible effects of aging. Moreover, the presence of
a cutoff to the age distribution is quite helpful technically. As it turns out, none
of the conclusions discussed below depended noticeably on the choice of ap,,, as
long as both ¢ and a,,,, were given reasonable values. Finally y represents death
from starvation. However, ¥ never has exerted its guillotine action in any of our
simulations so far.

Table 1 gives the values of the fixed parameters that were used in preparing
the figures.

3.2.2 The p-Equation

As a preliminary assume that a,,, = o, so that we can drop a from the i-state
description. Equation (5) entails that 1 can only take values in the size range be-
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tween 1, and 1, = xv/{. This defines Q. mo:o.im:m the lines laid out in Section
2.1 we arrive at the p-equation

On _ _dgn_

Bt = ol un for 1<I(x)

n =0 for 1>1(x)

gx,ly)n(t,Iy) =b() (8a)

b(t) = _w. A&, Dn(,Ddl . (8b)
_0

In the general case 2 is a subset from the square spanned by the ages from
0 to any.x and the lengths from Iy to 1,,. The p-equation becomes

w|“_u lewlmlmwlsltz for 1<I(x)

n =0 for 1>I(x) 9al)
n(t,0,1) = b(t)d(-1y) (9a2)
b)=§ A(x,I)n(t,a,l)dl'da , ©b)

where d 0% denotes the Dirac delta function, i.e., a “function” which is zero
everywhere except for an “infinitely high peak” at y = 0 such that the surface area
under this peak is exactly one.

The delta function in Eq. (9a2) is due to the fact that all young are born in
one point of the one-dimensional instream boundary a = 0 only, instead of being
spread out over that boundary. Worse still, because all individuals in a cohort ex-
perience exactly the same environmental history they stay together. Therefore the
density function n develops the same degeneracy, spawned by the delta function
on the boundary (see Fig. 5). All the mass is concentrated on just a one dimen-
sional curve in £, the current, or period, age-length relation. As a result calcula-
tions using Eq. (9), even though still possible, are slightly unpleasant.

The idea of a cohort representation developed in Section 2.2 provides the way
out. We just sweep all the mass onto the age axis, and write down the usual equa-
tion for the age distribution n(t,a) plus a separate equation which updates the

Fig. 5. The Daphnia i-state space, and the support of
0 . the population distribution (the current, or period,
0 @max  age length relation)
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current age length relation 1(t, a) (think again of that conveyor belt planted with
growing sticks):

dn on

o Iﬂlhz for 1(t,a)<I(x)

n =0 for 1(t,a)>I(x)

n(t,0) = b(t) (10a)

ol ol

s 2 8

ot da +eth

1t,0) =1, (10b)

b(t) = J: Blt,1(t,a)]n(t,a)da . (10¢)
0

For the food dynamics we shall make three different choices: We start in Sec-
tion 3.3 with

x(t)=x, a parameter . (11)

In Section 3.4 we shall consider a chemostat-type food dynamics in which food
is fed to the experimental tank at a rate a per unit of volume, and removed again
at a relative rate 8, for example through decay or washout. The resulting environ-
ment equation is

dx
—— = a— fx—vf(x) ».w.. P(t,a)n(t,a)da . (12)
dt 0
In this equation the feeding rate to the thank, a, will be treated as a free parame-
ter. In preparing the figures the relative decay rate # was kept fixed at 0.5d !,
Finally we shall consider self-renewing food, which we shall represent by the envi-
ronment equation

dx 2

ﬂu ax(1-x/8)—vf(x) I“(t,a)n(t,a)da . (13)

0

In this equation we shall treat the carrying capacity § as a free parameter. In
preparing the figures the maximum capacity for self-renewal a was set to either
2d~! (Fig. 10) or 0.5d ! (Fig. 11).

3.3 Constant Food Availability

When food availability is kept constant, the coupling between the equation for
the current age-length relation and the age distribution goes only one way. The
biological interpretation as well as Eq. (10b) (think of the conveyor belt inter-
pretation again!) both tell us that in that case the current age-length relation
quickly stabilizes to the usual Von Bertalanffy growth curve, dependent only on
the, fixed, Daphnia parameters and the value of x. This in turn lets Eq. (10a) plus
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Fig. 6. Intrinsic rate of
natural increase as a func-
tion of food density for the

» Daphnia model
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Eq. (10c) degenerate into the usual equations of age dependent population theory
in constant environments.

Figure 6 shows how the intrinsic rate of natural increase r would depend on
food availability if there were no random deaths. From this figure one can im-
mediately determine r for more realistic values of ¢ using

r(@,x)=r(0,x)-¢ . (14)

Random deaths just act as a constant dilution without affecting the composition
of the population.

r is seen to increase with x, in accordance with biological intuition. The critical
value of the food concentration above which the population eventually grows and
below which it eventually declines, we shall call x.. To calculate x, we just set
r = 0 in the characteristic equation. Alternatively we may go back to the i-equa-
tions and use the property that at x. individuals produce on average exactly one
young during their lifetime. (NB: The property of eventual exponential growth or
decline under constant environmental conditions holds almost universally for
structured population models, but the ability to write down a characteristic equa-
tion in just the intrinsic rate of natural increase is tightly linked to the existence
of a finite collection of selected states such that any individual has to pass
through at least one of these states during its life-time. In our Daphnia model this
collection consists of the unique state at birth: a=0, 1 =1,.)

3.4 Dynamical Food
3.4.1 Introduction

The results of the previous subsection could have been obtained just as easily
direct from the i-model. The main reason for going through the complicated
business of writing down p-equations is that this allows us to study the effect of
food limitation.

Since the early work by Pratt (1943) a good number of papers on Daphnia
population dynamics have been published. A detailed survey of published data
on laboratory and (semi-)natural waterflea populations led Murdoch and
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McCauley (1985; see also McCauley and Murdoch, 1987) to distinguish three
qualitatively different types of dynamical behavior: (i) stable equilibrium, (ii)
predator prey oscillations, in which both the Daphnia and the food algae fluc-
tuate with the same period, and (iii) pure Daphnia oscillations in combination
with a barely fluctuating algal population. One of the challenges to the modeler
is to reproduce all three types of behavior, including the elusive type (iii) oscilla-
tions, by means of just one model for the Daphnia population. In the next subsec-
tions we shall try to convince you that our Daphnia model is at least potentially
capable of doing precisely this, plus producing a fourth type of oscillation, in
which the Daphnia and the food are in antiphase instead of the usual one-quarter
phase lag characteristic of predator prey oscillations.

3.4.2 The Stability of the Internal Equilibrium

At equilibrium the Daphnia population should neither grow nor decline. Ap-
parently the value of the food density at equilibrium, &, is set wholly by the
Daphnia dynamics, making % =x.; provided, of course, that x.<x,, the
equilibrium of the food population in the absence of any Daphnia. If x.>x,
Daphnia goes extinct.

The equilibrium age-length relation is again a Von Bertalanffy growth curve.
Formally this can be derived from Eq. (10b) with 1(a) substituted for 1(t, a), mak-
ing 81/8t = 0. In the same manner we can calculate fi (a) from Eq. (10a) after we
have also set b(t) = b. The result is fi(a) = b #(a), where F(a) = exp(— ¢a) is the
fraction of Daphnids that survives to age a. Substituting both results in either Eq.
Cnvmo_, (13) finally leads to an explicit, though slightly cumbersome, expression
for b.

Apparently the combination of the food and Daphnia dynamics leads to a
unique interior equilibrium.

When we try to study the stability of the equilibrium we by necessity enter into
a rather shady realm. At the present state of the art we cannot fall back on existing
theory to answer even the first questions about existence and uniqueness of solu-
tions to our full population equations. (That such questions are not trivial can
be seen from the fact that Thieme (1988) has shown that Eq. (10) can indeed be
rigged such that it does not allow a solution; fortunately the combination of con-
ditions leading to this somewhat bizarre phenomenon is such that we feel safe in
ignoring it for our present considerations.) However, we shall boldly plunge into
the deep, and just assume that all the usual dynamical systems theorems hold
good. This also means that the calculations which we describe below in general
terms were formal only; the fact that the results of, for example, formal stability
calculations and numerical solutions of the full population equations gave consis-
tent results inspires some trust.

We start our study of the internal equilibrium by observing that it exists if and
only if the trivial equilibrium, in which the Daphnia population is extinct, is
unstable. By changing either a or 8 depending on the food dynamics or ¢ we can
let the interior equilibrium disappear or appear at will. When it appears it does
so from the trivial equilibrium, The general results from bifurcation theory about
the exchange of stability then imply that close to the trivial equilibrium it should
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be stable. Moreover the absence of any other interior equilibria implies that it can
only become unstable by merging with a, stable or unstable, limit cycle, in a so-
called Hopf bifurcation.

To study the stability of the internal equilibrium more closely we can linearize
Eq. (10) together with either Eq. (12) or (13). After going through the usual mo-
tions of substituting trial solutions which depend on time as exp(— A t) we end up,
after a lot of messy algebra, with a characteristic equation in just the one complex
variable A. As in the case of constant x, this is made possible by the fact that all
individuals have to pass through a unique i-state at birth. The Hopf bifurcation
result cited above implies that we do not have to look for any real A’s crossing
zero. Therefore we can set A = iw, w real, and look for any parameter combina-
tions which make this happen. Any stability changes are bound to occur at such
parameter values. The stability diagrams in the next two subsections were all
calculated in this way. The details of the calculations, which are not completely
trivial, we hope to publish elsewhere.

3.4.3 Chemostat Food Dynamics

Figure 7 shows the stability diagram for the chemostat food dynamics [Eq. (13)].
It can be seen that the predatory death rate ¢ exerts a fairly dominating influence,
especially at high feeding rates to the tank a. Any changes in the food decay rate
B change only the size of the peninsula that juts out from the unstable continent
into the mare stabilitatis, but not the behavior of the stability boundary at high
feeding rates.

Interestingly enough, Fig. 7 does not give the whole dynamical picture, as
stability of the equilibrium may go together with the existence of a stable limit
cycle. This happens in the area surrounding the peninsula, in particular in the bay
separating the peninsula from the continent. As yet we have no idea of the extent
of this feature.

Figure 8 shows the pattern of oscillations at high a. Observe that food and
Daphnia are in clear antiphase. The phase relations between food and Daphnia

54
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— Fig. 7. The stability boundary for the interior
0 , m_x»_:n:o.: : equilibrium for the Daphnia model with
0 .02 .04 .06 08 chemostat food dynamics. a feeding rate to the
B— tank, ¢ random death (harvesting) rate
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Fig. 9. Oscillations of the Daphnia model with chemostat food dynamics at low feeding rate to the
tank. — —— Daphnia, <+« algae

also provide a clue to the mechanism driving the oscillations. One feature which
is not visible in Fig. 8, is that births occur in sharp peaks, starting with a very
steep increase followed by a fairly gentle decline. The drop in food concentration
coincides with the birth peak. When the new crop of young ages, their number,
and that of their parents, decreases. This allows the food to recover. When the
firstborns of a crop have grown large enough they start the new birth peak. So
far this is just the variable maturation time scenario of Nisbet and Gurney (1984).
However, this is not the whole story. To complete it we have to return to our pic-
ture of the conveyor belt. While rolling on it also contracts, pushing all the young
from one birth cycle closer and closer together, so that when they reach reproduc-
tive size they do so almost simultaneously. This effect strongly contributes to the
oscillatory tendency of the model.
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At low a the birth peaks become much more gentle and the decrease in the
food starts to lag somewhat behind. Moreover, the effect of the deaths on the pop-
ulation feeding rate is largely compensated for by growth. Figure 9 shows an ex-
ample. It can be observed that the food fluctuates only very mildly, well within
the 20% criterion used by Murdoch and McCauley to define their type (iii)
oscillations. These oscillations are made possible by the size structure: Even
though both Daphnia numbers and Daphnia biomass do fluctuate considerably,
the total Daphnia surface area, and therefore the Daphnia feeding rate, stays
much more constant. Moreover, due to the fact that at low a there are only few
Daphnia around these fluctuations in feeding rate have only a relatively minor im-
pact on the food population.

3.4.4 Self-Renewing Food

Figure 10 A shows the stability diagram for the self-renewing food dynamics [Eq.
(13)], and Fig. 10B a corresponding stability diagram for the unstructured
predator prey model

dx .

Iaﬂunxcux\uvl::xvz

dN

i Vf)—-gIN . )

The maximum capacity for self-renewal of the food a is same in both diagrams,
and the same applies to the shape parameter £ in the functional response. How-
ever, Sm two remaining parameters u and v do not bear any simple relation to the
Daphnia parameters. They were chosen only for the likeness of the corresponding
stability diagrams.

Here too there exist shoals in the mare stabilitatis where the stable limit cycle
extends beyond the peninsula.

Finally Fig. 11 shows some typical predator prey cycles in which Daphnia lags
a quarter period behind its food.

A
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.En. 10. A The stability boundary for the interior equilibrium for the Daphnia model with self-renew-
ing ao.oa. B The stability boundary for an unstructured model, with the parameters without counter-
.uE.a in the Daphnia model chosen to maximize the likeness to A. B carrying capacity of the food
in the absence of Daphnia; ¢ random death (harvesting) rate
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Fig. 11. Predator-prey oscillations in the Daphnia model with self-renewing food

Apparently the unstructured model [Eq. (15)] captures the dynamical essen-
tials of an interaction where one species feeds upon an other quite well, at least
in a qualitative sense. However, our failure to find any clear relation between the
parameters u and v and the parameters characterizing individual behavior is
symptomatic of its weaknesses. It is not clear a priori how one should arrive at
a quantitative match over a range of different circumstances. It is here that struc-
tured models, in which all the parameters have well-defined empirical counter-
parts, have at least the potential to score higher.

4 Concluding Remarks

We hope that the previous sections have convinced you that one does not need
to be a mathematician to deal with physiologically structured population models.
What matters is the interplay between reasoning in terms of individual behavior,
a good use of the conveyor belt analogy, and some formal mathematical manip-
ulations. Of course there is some quite deep mathematics hidden underneath, but
we can safely leave that to the mathematicians.

A second message was that an almost necessary condition for making life sim-
ple is that all individuals are bound to pass through one, or a few, selected states.
In particular, when everybody is born equal, many calculations reduce to those
for the age-dependent problem.

One good reason to replace the more conventional lumped models by their
structured counterparts, is that usually only the latter allow a clear mechanistic
interpretation of the model parameters. What we are interested in ultimately is
mechanistic insight. Models are just a tool.

But structured models may also have interesting dynamical properties special
to their kind!
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Dynamics of Age- and Size-Structured Populations:
Intraspecific Competition

B. EBENMAN

1 Introduction

In most organisms different aged individuals differ in size and morphology. In
some taxa the body weight of individuals within species spans 4 or more orders
of magnitude (Werner and Gilliam 1984). The radical changes in morphology ac-
companying metamorphosis in organisms with complex life cycles is well known
to all biologists. Such variation within a species will have important evolutionary
and population dynamic consequences. In this chapter I will discuss the implica-
tions of such differences in size/morphology on the intensity of competition be-
tween age classes, and show that competition between age classes can have in-
teresting population dynamic consequences.

In many animals the individuals change their resource use as they develop
from newborns to adults. Such niche changes during the life cycle will affect in-
traspecific competition and hence population dynamics. The strength of competi-
tion between different-aged individuals will often depend on their patterns of
growth or on the form of their life cycles (Polis this Vol.; Wilbur this Vol.). In
most organisms with complex life cycles, like amphibians, holometabolous insects
and many marine invertebrates, there is no competition between the juveniles and
adults (Wilbur 1980). In organisms with “simple” life cycles (i.e., organisms not
undergoing metamorphosis), like reptiles, fishes and hemimetabolous insects, the
niche differences between the age classes are in most cases not so pronounced.
Instead, individuals in different age classes partly overlap in their use of resources
(Polis 1984; Werner and Gilliams 1984). Finally, among birds and mammals —
which are almost fullgrown at the age of independence — there is probably
seldom any significant ecological segregation between the age classes. This is also
often the case for plants (e.g., Goldberg 1987).

With the help of general discrete-time models with two age classes I have in-
vestigated how competition between adults and juveniles affects population dy-
namic behavior. I will first review results from a model of a purely age-structured
population (Ebenman 1987 and 1988) and later compare these results with new
results from a model that also incorporates size-structure.

2 Age-Structured Populations

There is a rather large literature on the effects of density dependence on the dy-
namic behavior in age-structured populations (reviewed by Nisbet and Gurney
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