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MULTIPARAMETRIC BIFURCATION ANALYSIS OF A BASIC
TWO-STAGE POPULATION MODEL*

S. M. BAER!, B. W. KOOI, YU. A. KUZNETSOV¢, AND H. R. THIEMEY

Abstract. In this paper we investigate long-term dynamics of the most basic model for stage-
structured populations, in which the per capita transition from the juvenile into the adult class is
density dependent. The model is represented by an autonomous system of two nonlinear differential
equations with four parameters for a single population. We find that the interaction of intra-adult
competition and intra-juvenile competition gives rise to multiple attractors, one of which can be
oscillatory. A detailed numerical study reveals a rich bifurcation structure for this two-dimensional
system, originating from a degenerate Bogdanov—Takens (BT) bifurcation point when one parameter
is kept constant. Depending on the value of this fixed parameter, the corresponding triple critical
equilibrium has either an elliptic sector or it is a topological focus, which is demonstrated by the
numerical normal form analysis. It is shown that the canonical unfolding of the codimension-three
BT point reveals the underlying dynamics of the model. Certain new features of this unfolding in the
elliptic case, which are important in applications but have been overlooked in available theoretical
studies, are established. Various three-, two-, and one-parameter bifurcation diagrams of the model
are presented and interpreted in biological terms.
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1. Introduction. Population growth models that include age, stage or body
size structure often predict complex population dynamics. The models are rather
sophisticated, involving partial or functional differential equations, difference equa-
tions, or integral equations [3, 6, 7, 35]. In this paper, we investigate a simple-stage
structured model governed by a two-dimensional system of time-autonomous ordi-
nary differential equations. The equations represent the juvenile and adult stage,
respectively. We show that this reduced but biologically-based model predicts, quali-
tatively, complex population dynamics. Of course, the complexity is restricted by the
Poincaré-Bendixson theory. Earlier work addressing competition between age stages
[21] found that periodic orbits can surround a unique interior equilibrium. Here we
show that multiple equilibria are possible, both stable and unstable periodic orbits
can exist and even coexist, and homoclinic orbits can occur through the interaction
of periodic orbits and multiple equilibria.

The best-known two-dimensional ODE system in population biology is the Lotka—
Volterra predator/prey model where the dynamic behavior is simple but structurally
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unstable. In an extension of this model, called the Rosenzweig—-MacArthur model,
the trophic interaction is described by a hyperbolic functional response instead of a
linear functional response. If a carrying capacity for the prey is added, stable oscil-
lations can occur, but no more complex dynamics. An extension of the Rosenzweig—
MacArthur model was proposed and studied in [1], where the per capita mortality
rate of the predators is replaced by a density-dependent mortality rate, and in [40]
where the Holling type II functional response is replaced by a nonmonotonic Holling
type IV functional response for the predator-prey interaction. These planar systems
show rich asymptotic dynamic behavior including global bifurcations and a variety of
codimension-two points originating from codimension-three bifurcation points.

We deal with a model for one population with two stages introduced in [21] and
further studied in [34, Chapter 11]. The life history of the individuals comprises a
juvenile and an adult stage. The population state is the number of juveniles and
adults. Juveniles and adults die, while adults reproduce. The transition rate between
the two stages, together with the per capita mortality and reproduction rates, form
the parameters of the two first-order ordinary differential equations (ODEs) which
specify the time derivative of the population state.

We use bifurcation analysis to study the dependence of the long-term dynamic
behavior of this system on parameter variation. See [16, 36, 32, 22] for an introduction
to bifurcation analysis and [1] for applications to ecosystem models. The structural
stability is studied with respect to so-called free or bifurcation parameters. Param-
eter values at which the asymptotic dynamics change are called bifurcation points;
for example, a Hopf bifurcation point represents a transition between constant and
time-periodic solutions. Starting at this point one can vary two parameters simulta-
neously. This is sometimes called a two-parameter bifurcation study. The resulting
bifurcation curves separate regions in the two-dimensional parameter space, which
differ in qualitative asymptotic behavior. At so-called codimension-two points three
or more parameter regions come together. In other words, different types of bifur-
cation points can originate from or terminate at these points, making these points
useful for starting a numerical bifurcation analysis. Codimension-two points can be
followed by varying three parameters simultaneously, and so on.

Our stage-structured population model is a two-dimensional system with four
parameters. When one parameter is fixed, a degenerate Bogdanov—Takens bifurcation
(BT point for short) with a triple critical equilibrium is found. Different types of
such degenerate BT points are studied in detail in [2, 12], where three categories
of topological types are distinguished: the saddle, the focus, and the elliptic case.
We will derive a normal form with terms up to and including fourth order for the
codimension-three BT point by using a time reparameterization combined with a
smooth transformation that also includes fourth-order terms. This analysis reveals
that the elliptic or focus case applies for the two-stage population model depending
on the value of the fixed parameter. When this parameter is varied a transition from
elliptic to focus codimension-three BT bifurcation is found.

The truncated normal form of the codimension-three BT point in the elliptic
case is embedded into an appropriate three-parameter family, and we study its un-
folding by performing a numerical bifurcation analysis for the neighborhood of the
origin in that three-dimensional parameter space. In the three-dimensional parameter
space, two branches of codimension-two BT curves emanate from the codimension-
three point. These curves form the intersection of saddle-node and Hopf bifurcation
planes. Furthermore, codimension-two Bautin bifurcations as well as codimension-two
homoclinic orbits to neutral saddles originate from the codimension-three BT point.
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In two-parameter space, codimension-one homoclinic bifurcation curves can originate
from BT points. Both saddle, saddle-node and neutral saddle homoclinic orbit bi-
furcations actually occur. The analysis reveals unexpected similarities between the
elliptic and the focus cases, which have been overlooked in earlier theoretical studies.

The normal form analysis results are used to interpret those of the numerical
bifurcation analysis study of the full planar two-stage population model and conse-
quently also those reported in [34, Chapter 11].

2. The two-stage population model. The model is introduced in [21] and
further motivated in [34, Chapter 11]. The population is split into juveniles (larvae,
e.g.) and adults, the numbers of which are denoted by L(t) and A(t), respectively.
The system has the form

(2.1a) % — B(L, A)A — u(L, AL — f(L, AL,
(2.1) % — H(L, A)L — a(L, A)A,

where (3 is the per capita reproduction rate of an average adult individual, p is the
per capita mortality rate of an average juvenile individual (« for the adults) and f
the per capita transition rate from the juvenile into the adult stage. In general, these
rates can depend on both the densities of juveniles and adults.

Under realistic additional assumptions, all trajectories converge to an equilibrium
(not necessarily the same) if ;2-[f(L, A)L] > 0 for all L, A > 0 [34, Thm. 11.6]. (See
[21] for a convergence result under different assumptions.) So there are no complex
dynamics if the transition from the juvenile to the adult stage is only weakly affected
by intra-juvenile competition. However, we show in this paper that complex behavior
may indeed occur if there is both a strong influence on the per capita transition
rate by intra-juvenile competition and a strong effect on the per capita birth rate by
intra-adult competition. We restrict our consideration to pure intrastage competition,
i.e., there is no competition between juveniles and adults. So the juvenile per capita
mortality rate depends on the number of juveniles, i.e., u(L), and the adult per capita
mortality rate a(A) and reproduction rate 5(A) depend only on the number of adults
A. This may occur when juveniles and adults have different habitats. For simplicity,
the per capita mortality rates for both juveniles and adults are taken as constants.
Time is scaled such that o = 1; this means that one time unit equals the expectation
of adult life. For convenience we divide the other rates 3, u and f by «, but we do
not introduce new variables. As in [21], a Ricker-type function is chosen for the stage
transition rate,

(2.2) f(L) = Ze L.
The reproduction rate 3(A) is chosen as
(2.3) B(4) = (2 4).

To interpret the parameter m, we consider the expression for the probability of sur-
viving the juvenile stage to become an adult in the absence of competition (L = 0):

_Joy 1
pw+ f0)  1+4+m’

(2.4) P
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where f(0) is evaluated using (2.2). The numerator f(0) is the per capita transition
rate from the juvenile and the adult stage (without competition) and the denominator
u+ f(0) is the total rate at which juveniles leave their stage. For m = 0 all juveniles
survive to adults, for m = 1 half survive, and as m — oo the probability of surviving
approaches zero.

After introducing the scaled number of adults y as

m
(2.5) y="4,
W

the stage-structured population model becomes

dL _
(2.68) = = Slolyly—mL - L"),
dy —L
2. — =1L — .
(2.6b) o = L€ Yy

At equilibrium, (2.6b) gives a fixed relationship between y* and L* which is inde-
pendent of all parameters. Note from (2.6a) that these values are independent of the
parameter u. We assume that the birth rate g(y) is also of Ricker-type:

(27) g(y) = e(l/b)(a—y).

When not varied, the model parameters have the following reference values a =
0.43,b =2.2,m = 0.01, while 0 < p < 1.0.

3. Organizing centers. This section is partially based on [34, section 11.9].
The system (2.6) has been scaled in such a way that the equilibria do not depend on
the parameter p. The origin (L = 0,y = 0) is always an equilibrium.

The parameter m can be expressed as a function of the L-component of the
interior equilibria, L*,

(3.1) m = [g(L*e ") —1]e™"" = M(L").
The value
(3.2) mo = M(0) = g(0) —1=e" -1

is the threshold value for the existence of interior equilibria and the stability of the
origin. The Jacobian of system (2.6) evaluated at the origin reads

33 (Hme Fa0)

1 -1

The determinant of this Jacobian matrix switches its sign at mg. Hence, my marks a
transcritical bifurcation. If m > mg, the origin is the only equilibrium and it attracts
all solutions starting in the biologically relevant nonnegative quadrant. We therefore
restrict our investigation to m € (0, mg). Then the origin is a saddle with one part of
its unstable manifold lying in the positive quadrant. Moreover the origin is a strong
repeller and not part of w-limit sets of solutions starting in the nonnegative quadrant,
except at the origin itself. Further, there exists at least one interior equilibrium.
Whatever the choice of the positive parameters a and b, the function M is strictly
decreasing for small L* > 0 and large L* > 0. It can also be shown that the equation
M(L*) = m has at most three interior solutions. This implies that, depending on the
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Fic. 3.1. Graph of the function M for b = 2.2 and various values of a. From right to left:
a = 0.5, a = al = 0.4492276697, a = 0.43, a = 0.4, a = 0.35. The bullet gives the simultaneous
point of inflection and critical point for a = af. The dotted line connects the critical points where a
is varied. The numbers label the branches where equilibrium E; occurs at branch i = 1,2,3.

choice of a and b, M is either strictly decreasing on [0, 00) or that there are numbers
Lo, Ly > 0 such that M is strictly decreasing on [0, L;] and [Ls,00) and strictly
increasing on [Ly, Lo]. When the transition occurs, the three positive equilibria merge
into one triple equilibrium, and we have a unique L* > 0 such that M'(L*) = 0 =
M"(L*) = 0. If we fix b > 0, we can use this relation to determine the value of a at
which the transition occurs, say af. Then, M is strictly decreasing for a > a* and
has changing monotonicity behavior for a < a*. The value of L at the corresponding
equilibrium L¥ = L*, which together with (3.1) finally gives mf = M(L*) and y* =
y* = L*e L.

Figure 3.1 shows the graph of the function M for b = 2.2 and various values of a.
The dotted curve marks points where M'(L*) = 0 when «a is varied. This curve cuts
the horizontal axis m = 0 = M (L*) at L* = 1, where a = ay = 0.3679.

For the fixed choice of a3 < a < a' and b > 0, M changes its monotonicity;
moreover M is strictly positive on [0, 00). Let

(3.4) mo = M(0) = g(0) — 1, my = M(L1), ma = M(Lz).

The critical points L; and Lo can be determined as the solutions of M'(L) = 0 and
one finds mg > mo > myq.
We have the following cases depending on m:
m = my : There are exactly two interior equilibria and their L-components satisfy
1=Lyand L§ := L3 > Lo.
m = mgy: There are exactly two interior equilibria, and their L-components satisfy
$:=Lj €(0,L1) and L = Lo.
Then,
m > mg: There is no interior equilibrium.
m € (ma, mg): There is exactly one interior equilibrium and its L-component satisfies
L* € (0,L3).
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m € (my, mg): There are exactly three interior equilibria and their L-components
satisfy Lik € (L<1>7L1)7 L; € (Ll,Lg), L§ S (LQ,L%).

m € (0,mq): There is exactly one interior equilibrium and its L-component satisfies
L* > L.

m = 0: There is exactly one interior equilibrium L* = 1.

One can show (see [34, page 173]) that the determinant of the Jacobian matrix of
the system (2.6), with y = Le~!, has the opposite sign of the derivative of M. Hence,
every interior equilibrium with L* = L; or L* = Lo has at least one eigenvalue 0. As
we have seen, such equilibria occur if and only if m = mj; or m = ms. It can also
be shown (see [34, page 172]) that the trace of the Jacobian matrix evaluated at an
interior equilibrium is a linear function of u. The trace switches its sign from negative
to positive at

* g(y*) -1 * * —L*
(3.5) p=o(L) = DLy et
L* —g(y*)
Ata=al wehave L* = L; = Ly =L and m =my; = my = mﬁ, see Figure 3.1.
At this point the determinant and the trace of the Jacobian matrix evaluated at the
equilibrium (L*,y*) are zero. Therefore, for fixed b > 0 and p = u¥,m = mf, and
a = a¥, we have a BT point. Moreover, the equilibrium is triple at this point; thus a

degenerate BT point occurs.
For b = 2.2, we have

(3.6) L* = 1.513180178, 3* = 0.33321523
and
(3.7) pf = 0.01179614, mf = 0.01192386945, a* = 0.4492276697.

4. Normal form analysis. In this section we perform a normal form analysis
of the degenerate BT point and study its canonical unfolding.

4.1. Critical normal form. First, we write system (2.1) for fixed b > 0 at the
critical parameter values (3.7) in a coordinate system where the equilibrium with the
coordinates (3.6) is shifted to the origin of the phase plane by the transformation

I L— Ljj
4.1 = = .
1 * <x2> (y ¢ )
The transformed planar system becomes
(4.2) x =Jx + F(x),

where J is the Jacobian matrix evaluated at the equilibrium and F(x) = O(||x||?).
Next we use a similarity transformation to put the linear part in the Jordan
canonical form. First we calculate two vectors u, v € R? such that

(4.3) J2v=0, Jv=u, |u|=1,

where the vector norm is defined by |[u||? = (u,u) and (u,v) stands for the standard
inner product in R?: w,v; + uevs. These two vectors (the eigenvector u and the
generalized eigenvector v), are linearly independent and form a basis in the plane.
Notice that v is the eigenvector belonging to the zero eigenvalue of the matrix J2



MULTIPARAMETRIC BIFURCATION ANALYSIS 1345

(J is nilpotent of index 2, that is, J?v = 0 but Jv # 0). One can calculate v as
an eigenvector associated with the zero eigenvalue of the squared Jacobian matrix
evaluated at the equilibrium point.

The similarity transformation is now defined by

(4.4) x = Uy,
where U denotes the matrix the columns of which are formed by a normalized eigen-

vector and a generalized eigenvector. The matrix U is invertible, since the vectors u
and v are linearly independent, and we can write

(4.5) y=U"'x.
Then

17 7 (01
(4.6) U JUu=J = (0 0)
and
(4.7) v =Joy + U 'F(Uy).

Taylor series expansion of the right-hand side of (4.7) at the equilibrium y = 0
gives
ay

1 1

i =Yz + 261209% + a11y1y2 + 2(1021/%
1 3 1 2 1 2 1 3
+ 6a30y1 + §a21y1yg + §a12y1y2 + 6a03y2
1 1 1 1 1
(4.8a) + ﬁa40y‘1* + 6a31y§y2 + Zazzyfyg + 6a13y1y§ + ﬂamy% +O0(ly 1),
dy2 1 2 1 2
=22y b b
a 5 20Y1 + 011Y1Y2 + 5 02Y2
1 1 1 1
+ —bsoy} + =baryiye + =bray1ys + =bosys
6 2 2 6
1 1 1 1 1
4.8b — byt + Zbs1y> “booy?y2 + =b 3+ —boays + O(|ly]%).
(4.8b) + 5p0a0y1 + gbaryiye + Thaayiys + Gbisyiyz + 5 rboayz + (vl

The final transformation to the normal form

d
(4.9a) é =1,
d
(4:9) T = A + Ben+ O+ D+ B + P+ O((€.m)°)

is achieved by a time reparameterization combined with a smooth change of coordi-
nates. In this way it is possible to remove both fourth-order terms from (4.9) (using
BC # 0 as will be verified numerically in our case).

The time reparameterization introduces a new time 7 as follows:

(4.10) dt = (14 011 + 0247 )dr,
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where 0; and 0, are to be defined later. Alternatively one can use (1 + 61y1 + 02y2)
which leads to the same results. The smooth transformation reads

1 2 1 3 1 2 1 2
E=y1 + 5920y1 + 911912 + 69302/1 + 59212/1?}2 + 59122/12/2
1 1 1 1
(4.11a) + 5794001 + GIBYIY2 + 192291 + SO13Y3,

1 1 1 1
n=1y2+ §h20y% + hi1y1y2 + éh:&oy% + §h21yfyz + §h12y1y§

1 1 . 1 1
(4.11b) + ﬂ}uoy‘f + 6h31yfy2 + Zh22y%y§ + éhlgylyé”,

where g;; and h;; are unknown coefficients. Differentiating (4.11a) and (4.11b) with
respect to 7 yields

d§ o\ [ O€ dy1 | O dya
4.12 —=(14+40 0 _— 4 =
(4.122) dr (L+ Orys + Oay7) <8y1 dt + Oys dt )’

dn oy (O dyr | On dys
4.12b — =(1+6 0 —_— 4 — .
( ) dr (L+ 611 + O241) (8y1 dt Jyy dt

Substituting (4.8a) and (4.8b) into (4.12a) and (4.12b), and then equating coefficients
(4.9a) and (4.9b), gives the equations to find the coefficients g;;, h;j, 01,62 in (4.11) and
(4.10), as well as A, B,C, D in (4.9), where 67 and 6, are used to enforce £ = F = 0.
This gives

1
(413&) A :ﬁbgg,
(41313) B =ag + blla

1 1
(4.13¢) C 26530 - §a206117
1 1 1 1 3(az0 + b11)
D=-b — boa(b11 — -b 5
5 b1+ 7 02(b11 — azo) + 5 b11011 + 5 aso + 20(3 aobrr — bao)

X b — 6(1 b - 3 b b a + 3 b a
( ) 3]) ( 40 20021 119020420 02420
16110430 6b30a11 b30b02 6611@20@11) .

Note that the third-order coefficient D in (4.9) depends (via byo) on the fourth-order
terms of (4.8).

The Taylor coefficient A in (4.9) equals zero, since byg = 0 because the critical
equilibrium is triple. This implies that one of the nondegeneracy conditions for a
classical codimension-two BT point is violated [22, p. 272]. This leads to a bifurcation
point with codimension three (or higher) and could, together with the requirement
detJ = 0 and tr J = 0, be used as defining functions to determine the critical
parameter values corresponding to this bifurcation point.

If CD # 0, then the truncated critical normal form

3
4.14 5
(4.14a) k]

dn

(4.14D) o

= Bén+ CE + DEXy
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FiG. 4.1. Phase portrait of (2.1) at the critical parameter values with b = 2.2 (left) and an
enlargement of a neighborhood of the critical equilibrium (right), where the elliptic sector is clearly
visible.

can be simplified further by a linear coordinate and time scaling:

s _

4.1 —
(4.15a) il

d
(4.15b) d—:z = B&n + e1&® + €267,

where €; = £1,¢e5 = £1, and

B
=T

In [2, 12], three topologically different cases are distinguished:

e Saddle case €; = 1, any €2 and (3;

e Focus case € = —1 and 0 < 3 < 2V/2;

e Elliptic case ¢; = —1 and 2v/2 < 3.

When b = 2.2, the calculated values of the coefficients of the truncated critical
normal form (4.14) are B = 1.0538275511, C' = —0.110108078, and D = —1.23163654.
This gives ¢ = —1 (because C < 0), e = —1 (because D < 0), and

B
8 Wars 3.175849820.
We conclude that with b = 2.2 the elliptic case applies, for 3 = 3.175849820 > 2+/2.
Direct numerical integration of (2.1) at the critical parameter values (3.7) confirms
this conclusion (see Figure 4.1).

Calculations showed that in an extended range of parameter values b > 0 the
parameters C' and D defined in (4.14b) are negative, implying ¢; = —1 and e; = —1.
In Figure 4.2 we give the dependence of 3 on the parameter b. At b? = 1.7300228,
where 3 = 21/2, there is a transition from the elliptic case to the focus case. The
phase portrait at the critical parameter values with b = 1.5 (when the focus case
applies) is depicted in Figure 4.3. Compared with Figure 4.1, where b = 2.2, we see
that the elliptic sector disappeared.

The transition at b = b7 is a bifurcation of codimension four (or higher), which
could be considered as the ultimate organizing center in model (2.6). However, in
the following we will deal with b > b® corresponding to the elliptic case because it is
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FiG. 4.2. The coefficient B defined in (4.15b) as a function of the parameter b. There is a
transition from the elliptic case to the focus case at the codimension-four bifurcation point, where
b = b = 1.7300228.
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Fi1G. 4.3. Phase portrait of (2.1) at the critical parameter values with b = 1.5 (left) and an
enlargement of a neighborhood of the critical equilibrium (right), where no elliptic sector is present.

the most interesting one. The focus case is discussed extensively in applied literature
(for example, in [1, 22] with the analysis of the Rosenzweig-MacArthur predator-prey
model having density-dependent mortality rate for the predators, as well as in [13],
where an enzyme-catalyzed reaction model is studied). The elliptic case is much less
understood, although it has been found in a mathematical model of a reaction of
catalytic oxidation in [37].

4.2. Bifurcation diagram of the canonical unfolding. The local bifurcation
diagram for the focus and elliptic case has been studied theoretically in [12], where the
truncated critical normal form (4.15) is embedded in the following three-parameter
family

g
(4.16&) E =1,
d
(4.16D) =L =~ = o€+ v+ B — €0 — &%,

with p1, 2, and v serving as the unfolding parameters. Below we reconstruct the
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-0.05

0.025

FiG. 4.4. Three-parameter bifurcation diagram with p1,p2, and v as bifurcation parameters
for the normal form (4.16), where 3 = 3.175849820. Only equilibrium bifurcations are shown. The
tangent bifurcation curves Tei (dashed curves) and Hopf HE and neutral saddle NS curve (dotted
curve) in the (pu1,v)-plane for uas = —0.1 are plotted.

bifurcation diagram of (4.16) in the elliptic case using the same numerical continuation
methods as applied in the next section to compute global bifurcation diagrams of (2.1).

The equilibria of (4.16) satisfy n = 0 and —pu; —peé —&3 = 0. Therefore, depending
on the parameter values p1 and ps, there is one or there are three real solutions. For
example, when p1 = 0, we have £ = 0 and £ = +/—ps besides n = 0.

In Figure 4.4, a partial three-parameter bifurcation diagram near the codimension-
three bifurcation point g1 = pe = v = 0 is shown for the normal form (4.16), where
8 = 3.175849820 (elliptic case). Two BT curves of different type emanate from the
codimension-three point denoted by BT=. Locally attracting limit cycles bifurcate
from the first curve which is called a supercritical Bogdanov—Takens bifurcation curve
and is denoted by BT ~, while repelling limit cycles bifurcate from the curve of sec-
ond type which is a subcritical Bogdanov—Takens bifurcation curve, denoted by BT .
Another codimension-two bifurcation curve, namely, a cusp curve denoted by N, in
the figure, passes through the point BT=. Finally, from BT=, a codimension-two
Bautin (generalized or degenerated Hopf, see [22]) bifurcation curve B emanates.
Software packages LOCBIF [18, 22] and CONTENT [25, 15] were used for the numerical
continuation of these curves related to equilibrium bifurcations.

Figure 4.5 presents two-parameter slices of the complete bifurcation diagram of
(4.16) with 8 = 3.175849820 for s = —0.1 and ps = —1. The left diagram with ps =
—0.1 gives a clear picture of the unfolding near the codimension-three BT point. The
same diagram (together with corresponding phase portraits) is sketched in Figure 4.6,
which we advise to consult while reading the rest of this section. The codimension-
two BT* points and four saddle-node homoclinic bifurcation points D;,i = 1,...,4
(analyzed theoretically in [26]) are indicated in all diagrams. These points lie all on
the tangent bifurcation curves for equilibria 7. At the supercritical BT~ point, a
supercritical Hopf bifurcation curve H~ originates, and similarly a subcritical Hopf
bifurcation curve H* emanates from the subcritical BT". From each BT point, BT~
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F1G. 4.5. Two-parameter bifurcation diagrams of (4.16) with p1 and v as bifurcation parameters
and po = —0.1 (left) and pa = —1 (right) for normal form (4.16), where 8 = 3.175849820. The

labels are explained in the text.

FIG. 4.6. Schematic bifurcation diagram of (4.16) for small uz < 0 and 8 > 2+/2.

and BT, a global bifurcation curve emanates, indicated by G* or G, respectively.
These are saddle homoclinic bifurcation curves. The homoclinic orbits corresponding
to them are “small”, i.e., they go around one equilibrium only. There exists another
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Fi1G. 4.7. A nonhyperbolic limit cycle of (4.16) at the critical parameter value v = 0.8458472970
corresponding to Te (left) and an enlargement of a neighborhood of the origin, where a saddle
equilibrium s located (right). Other parameters are p1 = 0, u2 = —0.1,b = 3.175849820. We recall
that the three equilibria are: 1 = 0 and € = 0 or & = £1/0.1. The equilibrium in the origin is a
saddle, the left one is stable and the right one unstable.

saddle homoclinic bifurcation curve, denoted by G in the figure. In contrast with
Gt and G, the homoclinic orbit corresponding to G° is “big”, i.e., it surrounds two
equilibria. The homoclinic curves were calculated using the package HOMCONT, a
part of AUTO [11]. The implemented theory and numerical procedures are described
in [4, 5].

A tangent bifurcation curve for limit cycles Ti., where two limit cycles collide
and disappear, crosses the curve T, and ends at a point F' in the intersection of
the homoclinic curve G° and the neutral saddle curve NS connecting the Bogdanov—
Takens points BT~ and BT . This point F corresponds to a codimension-two “big”
homoclinic orbit to a neutral saddle, where the trace of the Jacobian matrix is zero [22].
The tangent bifurcation curve for limit cycles T, and the homoclinic curve GY have an
infinite-order contact at F' [29]. It should be noted that T, is indistinguishable from
G° in Figure 4.5. Between the equilibrium bifurcation curves T} and T, the curve
T, is located just above G°. This can be verified by accurate computations in AUTO
or CONTENT with many mesh points (e.g., NTST=1000). Figure 4.7 demonstrates that
the critical limit cycle corresponding to T, is located at a small but clearly visible
distance from the saddle equilibrium at the origin. This nonhyperbolic limit cycle
bifurcates into (outer) stable and (inner) unstable limit cycles, shown in Figure 4.8
for parameter values between the curves 7, and G°. When we cross the homoclinic
bifurcation curve Gy above point F, the inner unstable limit cycle “collides” with
the saddle and disappears via the saddle homoclinic orbit that is unstable from the
outside, in accordance with the positive sign of the trace of the Jacobian matrix above
the curve NS (see Figure 4.5). Crossing G° below F results in the appearance of a
stable “big” cycle.

The saddle homoclinic curve G~ originating at the point BT ™, terminates tan-
gentially at a point Dy on the bifurcation curve T.". Between the two codimension-two
points D1 and Dy the saddle-node equilibrium (existing along the tangent bifurcation
curve Tj ) has a smooth homoclinic orbit. On this line segment D; D5, the global
bifurcation and the local bifurcation occur simultaneously. The homoclinic orbit is
asymptotic to a saddle-node rather than to a saddle. In point D, the “big” saddle
homoclinic curve G¥ departs tangentially from 7.7. This curve G° ends also tangen-
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F1G. 4.8. A stable limit cycle (outer, solid) and an unstable (inner, dashed) limit cycle of (4.16)
at v = 0.8458473000. The other parameters are p; = 0, u2 = —0.1,b = 3.175849820.

tially at a codimension-two point D3 on 7., which is similar to Dy. Another saddle
homoclinic curve, G~, originating at BT on the bifurcation curve T.", terminates
tangentially at a point Dy on 7. In all points D;, the corresponding homoclinic or-
bits are nonsmooth at the saddle-node. The right diagram with us = —1 shows that
already in the vicinity of the codimension-three point the two saddle-node homoclinic
bifurcation points D3 and D, are also close to each other and hardly distinguishable
in Figure 4.5.

4.3. Elliptic versus focus case. The bifurcation diagram of the normal form
(4.16) presented in Figure 4.6 differs drastically from the theoretical bifurcation di-
agram for the elliptic case given in [12, p. 8]. The reason for this discrepancy is
that the diagram in [12] concerns phase portraits in a fized small neighborhood (in
fact, an elliptic disk) of the origin. Therefore, additional bifurcation curves associated
with boundary tangencies appear, while some parts of the global bifurcation curves
described above become “invisible,” since the corresponding bifurcations happen out-
side the neighborhood. This approach is absolutely legitimate in theoretical studies,
but is of little use in applied analysis, where artificial boundaries have no meaning
and global phase portraits in the whole phase plane must be considered. Only such
portraits could provide a good understanding of the long-term dynamics of the model.

Figure 4.5 gives such global bifurcation diagrams of the normal form (4.16). It
turns out that the two-parameter slices are topologically equivalent to those corre-
sponding to the focus case (see [2, p. 36] or [12, p. 7], where an intersection of bi-
furcation surfaces with a small sphere centered at the origin in the three-dimensional
parameter space is shown). However, the inner limit cycle demonstrates rapid am-
plitude changes (“canard-like” behavior) near the bifurcation curve T,.. It is this
phenomenon that makes the continuation of limit cycles near 7, difficult. One could
also observe that, in contrast with the focus case, the “big” homoclinic orbit to the
neutral saddle (see point F') does not shrink to the origin of the phase plane, when
we approach the codimension-three elliptic BT point in the parameter space. Instead,
this homoclinic orbit tends to the boundary of the elliptic sector that has a finite size
in (4.16). The similarity between the focus and the elliptic cases implies that the
transition between them at b = bf, although interesting from a theoretical point of
view, is of minor importance in applications, since it does not affect dynamics away
from the degenerate BT bifurcation points.
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These similarities and differences between the focus and the elliptic cases were
overlooked in all theoretical studies. Of course, global phase portraits arising from
an elliptic BT case in a specific model could differ from the global bifurcation di-
agrams of the canonical unfolding (4.16) reported above. However, if other phase
objects (equilibria, cycles, etc.) do not interact with the objects bifurcating around
the codimension-three BT point, one would encounter the described bifurcation dia-
grams in his/her system, as it happens in our ecological model (2.1).

5. Bifurcation diagrams of (2.1). To facilitate our understanding of the bifur-
cation structure, we construct three-, two-, and one-parameter bifurcation diagrams
of (2.1) for a representative parameter value b = 2.2 (elliptic case). We also show
explicitly various homoclinic orbits.

5.1. Three-parameter bifurcation diagram. In Figure 5.1, the three param-
eters u, m, a are changed simultaneously. There is a codimension-three point, denoted
by BT= at the critical parameter values (u*, m!, a*) given by (3.7). The bifurcation
pattern resembles that of the normal form (4.16) presented in Figure 4.4. There is
now another codimension-two Bautin bifurcation curve B which is not connected to
a codimension-three point BT=. Varying the fourth parameter b showed that such a
connection never occurs in the region of the parameter space of interest in this paper.

0.45
0.44
0.43
0.42
0.012
0.41 0.011 4,

Fic. 5.1. Three-parameter bifurcation diagram for equilibria of (2.1) with u, m and a as bi-
furcation parameters. The codimension-three Bogdanov—Takens point is denoted by BT=. From
this point two codimension-two BT curves, BT~ and BT1, emanate. They are shown along with
their projections. The codimension-two Bautin bifurcation curves B are long dashed. The Hopf
bifurcation curves (dotted) and tangent bifurcation curves (short dashed) are shown for a = 0.455,
a = 0.4492277, a = 0.44 and a = 0.43. The curve Ne passing through BT= is a cusp bifurcation
curve for equilibria. The two curves Tét for a = 0.44 are the intersections of the a = 0.44 plane
with the tangent bifurcation surfaces. Similarly the HY and H~ curves from the intersections for
the two-dimensional Hopf bifurcation surfaces. For a-values above the point BT= these sheets are
separated by the codimension-two Bautin bifurcation curves B. These sheets are separated for a-
values below the point BT=, where the two codimension-two BT curves, BT~ and BTt, form the
end curves of the separated sheets. For smaller p-values there is always a codimension-two Bautin
bifurcation curve B that separates super- and subcritical Hopf bifurcation surfaces.
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Fic. 5.2. Two-dimensional bifurcation diagram with i and m as bifurcation parameters, where
a =0.44.

D

ot
1

01 :
o : - 0.0111
— 7
9% ¢ m
8.205 7.6V " g
I 0.7 A

Fic. 5.3. Combined bifurcation diagrams for region around bifurcation point D3, where a =
0.44. The bottom right vertex, for both y and L, corresponds to the point un = 0.2743923 and
m = 0.01105501 on the Hopf bifurcation HT in Figure 5.2.

Codimension-one bifurcation curves for a = 0.44 and for the reference value a =
0.43 are investigated in the next section using two-parameter bifurcation diagrams.

5.2. Two-parameter bifurcation diagram. The two-parameter bifurcation
diagram for a = 0.44 in Figure 5.2 strongly resembles that given in Figure 4.5 (right),
where s = —1. The Hopf bifurcation curves H~ (origination to the left in BT ™)
and HT (origination to the right in BT™"), the neutral-saddle curve NS (between
BT~ and BT*), and the tangent bifurcation curves T (straight lines parallel to the
v-axis) as well as the tangent bifurcation curve for limit cycles T, are shown. Observe
that although the parameter value a = 0.44 is rather close to af, the two saddle-node
homoclinic bifurcation points D3 and D, are indistinguishable in the figure. In two
one-parameter bifurcation diagrams with respect to u and m combined in Figure 5.3,
the extrema of the cycles in the region close to points D3 and D4 are plotted. The
two homoclinic bifurcations for the cycles C7 and C3 are connected via the tangent
bifurcation of these cycles at T.. This explains how the large amplitude cycle Cj
surrounding all three equilibria, E;, F5, and FEj3, appears. The tangent bifurcation
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F1G. 5.4. Phase-plane plot for parameter values between the codimension-two points D3 and
Dy, p = 0.2714740 and m = 0.01107377 for a = 0.44. Also the two isoclines are shown. These
intersect in the two equilibria, namely, the saddle-node, where two points E2 and E3 coincide, and
the unstable equilibrium Ej.

curve T, for limit cycles goes all the way down to the point F' corresponding to the
homoclinic orbit to a neutral saddle. Between the lines TF, T, is very close to the
“big” homoclinic curve G.

A smooth homoclinic orbit to a saddle-node on the tangent bifurcation curve 7,
between the points D3 and Dy is depicted in Figure 5.4. Also the isoclines are drawn.
The homoclinic orbits locally coincide with a center manifold W€ of the saddle-node
E> = E3 and is therefore smooth. The orbit approaches and leaves the saddle-node
via the center manifold, that is, it is tangent to the eigenvector belonging to the
zero eigenvalue of the saddle-node on T, . At the points D3 and D4 the homoclinic
bifurcation curves G+ and G° terminate at the equilibrium tangent bifurcation curve
T, where the equilibria F5 and E, coincide. At these points, the homoclinic orbit
to the saddle-node is nonsmooth.

Figure 5.5 shows a two-parameter bifurcation diagram where u and m are again
the bifurcation parameters, while now a = 0.43. The two-parameter bifurcation dia-
gram in Figure 5.5 resembles that for a = 0.44 given in Figure 5.2 except that there are
no points D3, Dy. If the values of the parameter a are lower, the Hopf bifurcation H ™
does not intersect the curve T". One can show that H™ has a horizontal asymptote
as [t — 0o, namely, the line m = my = 0.01026241193. Furthermore, the curve G~
originating at BT~ and terminating at D; follows closely the Hopf bifurcation curve
H~. Figure 5.6 is an expanded view of Figure 5.5 in the region of the the two points
D, and D,. The tangent bifurcation curve T, for limit cycles is indistinguishable from
the segment of G° located above the point F also in Figure 5.6.

5.3. One-parameter bifurcation diagrams. In Figures 5.7 and 5.8, where
m = 0.01,a = 0.43, the bifurcation parameter is u. For all u-values, there are three
interior equilibria, denoted by E7, Fs and Es3, the positions of which are independent of
p. For the (scaled) numbers of juveniles and adults at these equilibria, E; = (L}, y}),
we have L] < L3 < L3 and yi > y5 > y3, respectively. Hopf bifurcations of E; and
Es occur at HT and H~, respectively, giving rise to limit cycles. Their maximum and
minimum values are plotted in the figure, a stable one, denoted by C5 and generated
by the supercritical Hopf bifurcation from the equilibrium FE3 and an unstable one,
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Fic. 5.5. Two-parameter bifurcation diagram with p and m as bifurcation parameters, where
a = 0.43. At the Bogdanov-Takens codimension-two point BT~ , a tangent (T, ), supercritical Hopf
(H™ ) and a homoclinic curve (G~ ) meet. Similarly, at the point BTT, a tangent (Tg" ), suberitical
Hopf (Ht) and a homoclinic curve (G1) meet. At the Bautin codimension-two point B, a tangent
bifurcation for the limit cycle T, originates. For more details, see Figure 5.6.
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FIG. 5.6. The Hopf bifurcation curve H~ (dotted) and the tangent bifurcation T." (short dashed)
are shown. Further, the homoclinic bifurcation curve G~ which originates from BT~ (shown in
Figure 5.5), and the homoclinic bifurcation curve Gt (dashed-dotted) which originates from BT+
(1 = 0.1566) together with Ta™ are shown. Between the codimension-two points Dy (i = 0.1474)
and D2 (1 = 0.0813), there is a smooth saddle-node homoclinic orbit. The tangent bifurcation curve
T. for limit cycles is indistinguishable from the segment of the homoclinic curve GO located above
the point F'.

denoted by C; and generated by the subcritical Hopf bifurcation from the equilibrium
E;. For large p, there is a branch of “big” stable periodic orbits (also denoted by C3)
which surround all three equilibria. This branch also exists for p values for which the
unstable period orbits C; surrounding the equilibrium E; exist. There are homoclinic
orbits at the points where these limit cycles touch the saddle equilibrium FEs.

In Figure 5.9, we show the one-parameter diagram for fixed p = 0.08337 with m
as the bifurcation parameter. The parameter p has been chosen in such a way that it
lies between the p-coordinates of the codimension-two points D1 and Ds in Figure 5.6,
where a saddle-node homoclinic bifurcation occurs. In this global bifurcation curve,
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Fic. 5.7. Bifurcation diagram, where m = 0.01 and a = 0.43, and p is the single bifurcation
parameter. Stable equilibria are represented by solid lines and unstable equilibria by dashed lines
which are horizontal because the y and L equilibrium values are independent of u. A branch of
stable limit cycles C3 (solid curves) originate through the supercritical Hopf (H~ ), and a branch of
unstable limit cycles C1 (dashed curves) through the subcritical Hopf bifurcation (HY ). A homoclinic
orbit occurs where these limit cycles touch the saddle equilibrium FEa.
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Fic. 5.8. Detail of Figure 5.7. The solid curve is the mazximum of the large amplitude cycle
C3. The dashed curve is the unstable limit cycle C1 that emanates from the Hopf bifurcation point
Ht. In order to get a better plot, the scaling of the y-axis below y = 0.36 is changed. The two
homoclinic bifurcations GO and GT, as well as the tangent bifurcation T. of limit cycles, occur at
almost the same value of .

also a local tangent bifurcation T.", where the two equilibria E; and Fs coincide, is
involved. The time-averages of the limit cycles are plotted. The stable limit cycle C3
disappears when the average reaches the tangent point at 7.". This is explained in
Figure 5.10, where the homoclinic orbit in the phase plane is shown for parameter
values of m at the saddle-node homoclinic bifurcation. The homoclinic orbit is similar
to that shown in Figure 5.4 for a point between the two codimension-two points Dg
and Dy.

A periodic solution (L(t), y(t)) near the saddle-node homoclinic orbit stays close
to a point where the saddle-node will appear for most of its period, then completes
the orbit by making a rapid and large excursion in the phase plane. Hence the time-
average for one period is approximately the equilibrium value. This explains why it
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FI1G. 5.9. Bifurcation diagrams for y = £ A and L with m as bifurcation parameter for u =

. 0.009
0.08336837 and a = 0.43. Stable equilibria (solid curve) and unstable equilibria (dashed curve) as

well as the time-averages for the stable limit cycle (solid curve) are plotted. Stable limit cycles
originate in the supercritical Hopf (H™ ) bifurcation shown in Figures 5.5 and 5.6. These cycles

terminate at a smooth saddle-node homoclinic orbit.
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F1c. 5.10. Phase portrait for p = 0.083, a = 0.43 and m = 0.009513629. The smooth homoclinic
orbit to the saddle-node equilibrium FE1 = E2 coincides locally with a center manifold of this point.
Also, the unstable equilibrium E3 inside the homoclinic orbit and two isoclines are shown.

is advantageous to plot the time-averages in addition to the maximum and minimum
values. Observe that y becomes small during the excursion but this occurs over a
relatively (the period T goes to infinity) short time interval. Note that the unstable
manifold of the saddle F5 can go to E; directly or via a “big” loop around Es5 similar
to the saddle-node homoclinic orbit shown in Figure 5.10.
Figure 5.11 is a one-parameter diagram, where m is the bifurcation parameter for
# = 1.0 and a = 0.43. It shows how the three interior equilibria are connected. There
are two tangent bifurcations T, where two equilibria coincide. A subcritical Hopf
bifurcation of E; occurs at H™T, generating a branch of unstable limit cycles, denoted

by C1, while a supercritical Hopf bifurcation of F5 occurs at H ™, generating a branch
of stable limit cycles, denoted by C5. The maximum and minimum values for both

branches have been plotted in the figure. Varying m, this unstable limit cycle touches

the saddle F> in a homoclinic orbit.
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Fic. 5.11. Bifurcation diagrams for y = ﬁA and L with m as bifurcation parameter, where
©=1.0 and a = 0.43. Stable equilibria (solid curve) and unstable equilibria (dashed curve) as well
as the time-averages for the stable limit cycles (solid curve) and for the unstable limit cycles (dashed
curve) are plotted.
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Fi1c. 5.12. Two homoclinic orbits and time-evolution for p = 1.0 and a = 0.43, where m =
0.01004953 and m = 0.01004952 for large amplitude and small amplitude orbits, respectively. The
right figure is an expanded view of the left figure. The stable W* and unstable W* manifolds of the
saddle point indicated by a ¢ are shown. The stable focus E1 is indicated by a bullet and the source
E3 by a circle. Here the flow direction is indicated by arrows for the stable homoclinic orbit C3 at
the outside and for the unstable homoclinic orbit C1 at the inside.

Furthermore, the average values for the limit cycle C3 are plotted. The unstable
cycle Cj originates in the supercritical Hopf bifurcation H~ of equilibrium E3. Both
average curves touch the saddle curve F,. The average curve as a function of m for
the stable limit cycles C3 is very steep close to the bifurcation point. The average
L-values first decrease before increasing up to the saddle-point value. This is most
clear from the graphs y(m) and L(m). Actually, the cycle C3 becomes unstable via a
tangent limit cycle bifurcation not show in the figure. Both homoclinic bifurcations
occur in very close proximity.

Figure 5.12 shows approximations of these two homoclinic orbits, one “big” (solid)
C3 and one “small” (dashed) C;. The period of the plotted limit cycles is very
large, indicating a homoclinic orbit. There are two rather sharp bends in the “big”
homoclinic orbit. The top one is close to the saddle point as expected. The lower
bend is associated with the zero equilibrium (L = 0,y = 0) which is a saddle point
for the parameter values used. Both orbits pass the stable focus F; closely.
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Fic. 5.13. Bifurcation diagrams for y = ﬁA and L with m as bifurcation parameter, where
1 =0.18 and a = 0.43. Stable equilibria (solid curve) and unstable equilibria (dashed curve) as well
as the time-averages for the stable limit cycle (solid curve) and for the unstable limit cycle (dashed
curve) are plotted.
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Fic. 5.14. Phase portrait for p = 0.18 and a = 0.43. Left: Where m = 0.009534053, there
is a “big” homoclinic orbit C3. Right: An expanded view of the homoclinic orbit C3 (solid curve)
close to saddle Eo. For m = 0.009538250, in the same plot the “small” homoclinic orbit C1 (dashed
curve) is shown.

In order to get more detailed information on the dynamics close to the homoclinic
orbits, we study the one-parameter diagram for fixed p = 0.18, where m is varied (see
also Figure 5.6).

In Figure 5.13, the average values of the variables for the limit cycles are plotted
together with their equilibrium values. For m values below the Hopf bifurcation H™,
the large amplitude stable limit cycles, whose averaged values form the curve Cj,
are globally attracting. For m values above the curve H', the unstable limit cycles
C1 which emanate from E; at the Hopf bifurcation H™ are separating boundaries.
Starting outside the limit cycle results in convergence to the stable limit cycle Cj,
but starting inside the limit cycle gives convergence to the stable equilibrium Fj.
Increasing m, this bistability persists until the unstable limit cycle (averaged C)
disappears abruptly at the global bifurcation G* via the homoclinic orbit shown in
Figure 5.14. For parameter values m above G, there is still bistability of the stable
equilibrium F; and the stable limit cycle C5, but now the stable manifold of the saddle
equilibrium Fs acts as the separatrix.
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Fic. 5.15. Attractors in some regions of the two-parameter bifurcation diagram shown in Fig-
ure 5.6. Ey1 < E2— FE3 means bistability of the two equilibria E1 and E3 and the stable manifold of
the saddle E2 is the separatriz.

In Figure 5.15 several attractors for typical points in the two-parameter bifurca-
tion diagram Figure 5.6 are indicated. The regimes are all separated by codimension-
one curves as shown in Figure 5.6. For small p values, there is bistability of the two
equilibria F; and F3 and the stable manifold of the saddle E5 is the separatrix. This
region is labeled Fy «— Fy — E3. For larger p values there is bistability of the equi-
librium FE; and the limit cycle C5, while the stable manifold of either the saddle E5
(E1 < E5 — C3) or the unstable limit cycle C; (Ey «+ Cy — C3) is a separatrix. Note
that C3 can surround either just Fs or all three equilibria, F1, Fo, and Ej3.

6. Discussion. We have considered the most basic model for stage-structured
populations in which per capita transition from the juvenile into the adult class is
density dependent, namely, a system of two ordinary differential equations. This
model was originally suggested in [21]. Birth pulses have been added in [33], but we
are only interested in the time-autonomous case here. Alternative more sophisticated
models involve differential-delay equations with density-dependent delays [17], trans-
port equations with density-dependent speed [27, 8], difference equations [3, 6, 7],
and integral equations with density-dependent transition kernels [10]. We refer to
[20] for a review of the different model formulations and their relationships. While
more complex models also exhibit more complex behavior than simple models, the
complex behavior may be more difficult to detect and track due to the large number
of parameters and initial conditions inherent in such systems.

In [21], periodic orbits were found which surround a unique interior equilibrium.
Up to three interior equilibria, two of which can undergo Hopf bifurcation, were dis-
covered in [34, sect. 11]. In order to determine more systematically the dynamics
of our planar system (2.6), we have performed a four-parameter bifurcation analysis
under the assumption of pure intrastage competition. To report our results, we fix
a representative value of parameter b that characterizes the birth rate of adults and
then presents the three-parameter bifurcation diagrams. These are the three param-
eters which we have varied. The parameter a is related to the average number of
offspring produced by one typical adult if there is no competition. The parameter u
represents the per capita mortality rate of juveniles. The parameter m has no direct

interpretation, but pg = ﬁ is the probability of surviving the juvenile stage under
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no competition. The parameter a determines the shape of a function M involved
in the equation M(L*) = m which determines the juvenile coordinate L* of an in-
terior equilibrium. Depending on a, M can be either strictly monotone decreasing
in L* > 0 or decreasing for small L*, increasing for intermediate L*, and decreasing
again for large L*. The a = a® value at which M undergoes the transition is the a-
coordinate of a codimension-three BT bifurcation point which is the organizing center
of our three-parameter bifurcation diagrams. There exists a unique L* > 0 such that
M'(L*) = M"(L*) = 0. L* is the juvenile coordinate of a saddle-node. m = M (L*)
is the m coordinate of the degenerate BT point. Its p-coordinate is determined by
making 0 a double eigenvalue of the Jacobian matrix. This leads to the following
procedure for calculating the position of the codimension-three BT bifurcation point.
When b is fixed, there are five unknowns, namely, two equilibrium values for the state
variables, L¥, y* and three parameters af, m!, uf. There are two equilibrium equations
(right-hand sides of (2.6) zero), the requirements that the determinant and trace of
the Jacobian matrix evaluated at the equilibrium point are zero and the additional
requirement that M”(LF) = 0. The first four are necessary for a codimension-two BT
point, while the latter is satisfied at a codimension-three BT point. Surprisingly, the
latter condition is a geometrical one (the position of the inflection point of a function
M(L*) defined in (3.1)). The function M (L*) is the expression for a parameter, m,
derived from the equilibrium equation for one state variable, L, where the solution of
the other state variable, y*(L*), from the second equilibrium equation is substituted.
We use the fact that M (L*) and y*(L*) formulations are explicit as is the case with
the population model (2.6). Commonly it is the requirement that one coefficient of a
higher-order term of a Taylor series expansion equals zero (see [22, p. 272] for details).
In this paper we established existence of a codimension-three BT bifurcation in our
model and have verified its nondegeneracy by computing its normal form numerically.

The normal form is computed using a preliminary linear transformation to sim-
plify the linear terms, in this case to put the linear part in the Jordan canonical form.
In [22, 23] this step is omitted by using a representation of any vector in the state
space as a linear combination of the eigenvector and the adjoint eigenvector. That
method is appropriate for higher-order dynamics systems where normalization on the
center manifold is needed [24]. The nonlinear smooth transformation in this paper is
combined with a time reparameterization. This facilitates the removal of all fourth-
order terms in the Taylor series expansion. Therefore the expression for the coefficient
D of the 21 term given by (4.13d) differs from the classical expression [19], where
only third-order terms are taken into account. The expressions (4.13) agree with those
reported in [14]. In this way, we have computed the relevant normal form coefficients
and established that the critical equilibrium at the codimension-three BT point is
triple and has an elliptic sector for b > b? = 1.7300228. Apparently, this case has
never been observed in ecological modeling. At b = b, a transition from the elliptic
codimension-three BT to the focus codimension-three BT point occurs.

Using known theoretical results [2, 12], we have concluded that two BT codimen-
sion-two curves emanate from the codimension-three BT point. Along these curves
a Hopf bifurcation surface, as well as a tangent bifurcation and a homoclinic orbit
surface, meet. There is also a codimension-two Bautin bifurcation curve B in the Hopf
bifurcation surface, where the supercritical Hopf bifurcation becomes subcritical or
vice versa. This happens in a parameter region where only one interior equilibrium
exists. In Bautin bifurcation points, a surface of tangent bifurcations of limit cycles
originates.
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Our numerical analysis of the global bifurcation diagram of the canonical unfold-
ing of the normal form, Figure 4.5, has revealed other global bifurcation curves. On
codimension-two bifurcation curves D;, transitions of the homoclinic orbit to a saddle-
node homoclinic orbit occur. There is also a bifurcation surface G° corresponding to
a “big” homoclinic orbit to the saddle that surrounds two equilibria. In this surface,
a line F' of codimension-two homoclinic orbits to a neutral saddle exists. Figure 5.2
resembles that of the Bazykin’s predator-prey model [1, Fig. 3.5.3] and [22, Fig. 8.10],
despite the fact that the degenerate BT point is here of the elliptic type while in
Bazykin’s model it is of the focus type. The diagrams given in [12] for both types dif-
fer a lot on first sight. However, in [12] additional bifurcation curves associated with
boundary tangencies are reported. In this paper, we do not have such artificial bifur-
cations, since we do not restrict our attention to a small neighborhood of the critical
equilibrium. Instead, we consider global phase portraits, which allows us to obtain a
better understanding of the long-term dynamic behavior of the model. It should be
stressed that without a preliminary analysis of the canonical unfolding (4.16) it would
have been practically impossible to understand the numerical continuation results for
(2.6).

A large-time solution behavior of similar complexity has been found for certain
planar predator-prey systems [1, 22, 38, 31, 39] and epidemic models [30]. Predator-
prey and host-parasite systems involve two species which influence each other in op-
posite ways with one suffering while benefiting the other. The predator-prey models
which show complex behavior take into account competition among prey and predator
competition for prey. Our model involves two stages of one species which compete
among themselves but influence each other positively because we assume pure intra-
stage competition. (Adding interstage competition actually counteracts the complex-
ity.) Mathematically, this is reflected in the fact that the nonlinear terms in our
system only depend on one variable each, whereas predator-prey and epidemic mod-
els always have nonlinear terms which involve both variables. In this paper, we find
complex behavior in a class of planar systems that is different from predator-prey
models both biologically and mathematically.

The complex behavior only occurs in a small parameter region (see [34, Chap-
ter 11] for a discussion of other parameter ranges). In this parameter region, the per
capita mortality rate of juveniles is smaller than the one of adults (4 < 1 = «), and
almost every juvenile makes it into the adult stage if there is no competition (the small
values of m result in pg &~ 1). This would hold for species where the juveniles are
less prone to enemies than the adults, and the juvenile stage is very short if there are
plenty of resources available. We expect that the complex behavior can be observed
in a larger parameter region if more sophisticated nonlinearities than the classical
Ricker function are chosen to model the competition among juveniles and adults. A
thorough understanding of the basic stage-structured model is important because its
simplicity makes it a useful building block in models for several species. Recently it
has been used (extended by an intermediate stage of subadult individuals) to explain
emergent Allee effects in predators that feed on structured prey populations [9].

The results show that despite the low dimension of the system, the dependence
of the resulting long-term dynamics on parameter values can be rather complex. The
rich behavior of our model is caused by the interaction of intra-adult competition
and intra-juvenile competition. None of the two alone can generate multiple positive
attractors. It is essential that the intra-juvenile competition does not only affect
juvenile mortality, but also juvenile maturation (the per capita transition rate). A
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density-dependent per capita juvenile mortality rate alone, even if combined with a
density-dependent per capita birth rate, can neither generate Hopf bifurcation nor
multiple interior equilibria. This feature seems to be related to the fact that in our
ODE model the length of the juvenile period is exponentially distributed. If the length
of the juvenile period is the same for all individuals (at least for those that are born
at the same time), then a density-dependent per capita birth rate can lead to periodic
solutions without any other nonlinear model ingredients [21, 28].

Acknowledgments. B.W.K. would like to thank Martin Boer for valuable dis-
cussions.
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