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Abstract

The asymptotic behaviour of a model of a tri-trophic food chain in the chemostat is analysed in detail.
The Monod growth model is used for all trophic levels, yielding a non-linear dynamical system of four
ordinary di�erential equations. Mass conservation makes it possible to reduce the dimension by 1 for the
study of the asymptotic dynamic behaviour. The intersections of the orbits with a Poincar�e plane, after the
transient has died out, yield a two-dimensional Poincar�e next-return map. When chaotic behaviour occurs,
all image points of this next-return map appear to lie close to a single curve in the intersection plane. This
motivated the study of a one-dimensional bi-modal, non-invertible map of which the graph resembles this
curve. We will show that the bifurcation structure of the food chain model can be understood in terms of
the local and global bifurcations of this one-dimensional map. Homoclinic and heteroclinic connecting
orbits and their global bifurcations are discussed also by relating them to their counterparts for a two-
dimensional map which is invertible like the next-return map. In the global bifurcations two homoclinic or
two heteroclinic orbits collide and disappear. In the food chain model two attractors coexist; a stable limit
cycle where the top-predator is absent and an interior attractor. In addition there is a saddle cycle. The
stable manifold of this limit cycle forms the basin boundary of the interior attractor. We will show that this
boundary has a complicated structure when there are heteroclinic orbits from a saddle equilibrium to this
saddle limit cycle. A homoclinic bifurcation to a saddle limit cycle will be associated with a boundary crisis
where the chaotic attractor disappears suddenly when a bifurcation parameter is varied. Thus, similar to a
tangent local bifurcation for equilibria or limit cycles, this homoclinic global bifurcation marks a region in
the parameter space where the top-predator goes extinct. The `Paradox of Enrichment' says that increasing
the concentration of nutrient input can cause destabilization of the otherwise stable interior equilibrium of
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a bi-trophic food chain. For a tri-trophic food chain enrichment of the environment can even lead to ex-
tinction of the highest trophic level. Ó 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction

In this paper we study the dynamics of a tri-trophic food chain consisting of a prey, a predator
and a top-predator population. Two di�erent mathematical models are studied intensively in the
literature, namely the Rosenzweig±MacArthur and the chemostat model. In the Rosenzweig±
MacArthur model analysed in Ref. [1±8] the basal trophic level grows logistically when predators
are absent. In ecology this class of models is used to predict the long-term dynamics of a wide
range of natural ecosystems. In earlier papers [9±11] we analysed chemostat models where abiotic
nutrients are modelled explicitly, so that the conservation law for mass is obeyed. This type of
model is directly applicable to food chains of microorganisms in well-mixed liquid media.
Mathematically, both model formulations lead to a set of ODEODEs, one for each trophic level. These
ODEODEs describe the dynamics of each population, e.g. growth and death, the trophic interactions
and the interaction with the environment, e.g. immigration and emigration. In all papers cited
above bifurcation analysis was used to study the long-term dynamics. Various types of complex
dynamics, including chaotic behaviour, are found.

In Refs. [12,13] a food web in the chemostat consisting of one predator and two prey popu-
lations is analysed with methods from bifurcation theory. The food web consisting of two pre-
dator populations and one prey population is studied in Ref. [14]. These types of food web and the
food chain studied in this paper, consisting of one prey, one predator and one top-predator, are
examples of three-species ecosystems. The analysis of a sequence of food web structures with
increasing number of populations and increasing complexity of the trophic interactions, facilitates
the study of some main issues in ecology; the stability±diversity debate, the role of omnivory and
the length of food chains in nature. A complete overview of the di�erent types of the dynamic
behaviour of small-scale ecosystems, such as the three species ecosystems, is mandatory for the
study of large-scale ecosystems.

Results of bifurcation analysis studies are often presented in diagrams in which regions of
di�erent asymptotic dynamic behaviour are distinguished when parameters are varied. In the
microbial literature these diagrams are called `operation diagrams' [12], where the two control
parameters of the chemostat (dilution rate and concentration of the nutrient in the inlet) are used
as bifurcation parameters. In these diagrams the information on the transient time-dependency of
the state variables is lost. When the asymptotic behaviour is simple, the wanted information is
entailed in these diagrams. For instance, it gives the parameter values at a Hopf bifurcation where
the food chain starts to oscillate when a parameter is varied. However, when there are multiple
attractors, additional information about the basin of attraction for the di�erent attractors is
needed.

In this paper we will focus on regions in the parameter space where multiple attractors coexist.
Their existence implies that the asymptotic behaviour depends on initial conditions. Such multiple
attractors can be found in the models mentioned above. In one attractor (an equilibrium, a limit
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cycle or a chaotic attractor where the associated equilibrium is denoted by Ep) trophic levels
coexist and in the other (a limit cycle L0) the top-predator is absent. Fig. 1(a) shows these at-
tractors (where the interior one is chaotic) in the state-space where x1 is the biomass of the prey, x2

of the predator and x3 of the top-predator. The boundary between the two regions of attraction
(separatrix) is the stable manifold of a saddle cycle Lp [10]. In general, starting near the saddle
equilibrium Ep gives chaotic dynamics while, when x3 is initially small, the system converges to the
stable limit cycle where the top-predator is absent.

When there are multiple attractors in tri-trophic food chains, chaotic transients [1,2,15] can
occur. Fig. 1(b) illustrates this phenomenon; the parameter values di�er only slightly from those
used for Fig. 1(a). An orbit started close to the interior saddle equilibrium shows chaotic beha-
viour and seems to converge to a chaotic attractor; however, the orbit suddenly converges to the
limit cycle where the top-predator is eliminated. That is, the solution follows the ghost of a chaotic
attractor for a very long time before ®nally approaching an other attractor. Chaotic transients can
be found near a boundary crisis [1,16,17]. In Ref. [1] it was conjectured that this boundary crisis is
associated with a homoclinic bifurcation. This will be con®rmed in this paper. At this global,
homoclinic bifurcation, two homoclinic orbits for the saddle cycle Lp collide and disappear, similar
to what happens at local saddle-node or tangent bifurcations for an equilibrium or a limit cycle.

Another global bifurcation that can be found in several tri-trophic food chain models is a
heteroclinic bifurcation [8,10]. At this heteroclinic bifurcation, two heteroclinic orbits between Ep

and Lp collide and disappear. If there are no heteroclinic orbits, an orbit starting in a small
neighbourhood of Ep cannot lead to the extinction of the top-predator. In contrast, if there are
heteroclinic orbits, starting near Ep can possibly lead to extinction of the top-predator. Fur-
thermore, the basin boundary of the interior attractor has a complicated structure, especially near
Ep.

(a) (b)

Fig. 1. Phase plane plot for system (2a)±(2c) with xr � 4:0 and (a) d � 0:8732 and (b) d � 0:873. For d � 0:8732 there

are multiple attractors; a chaotic attractor and the attracting limit cycle which is characterised by the absence of the top-

predator. The initial condition is chosen so that there is convergence to the chaotic attractor. With d � 0:873 and

similar initial conditions the solution follows the `ghost' of a chaotic attractor for a long time before ®nally approaching

an attractor where the top-predator is absent.
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In the previous papers these global bifurcations were analysed in detail already. In Ref. [10] the
Monod±Herbert model was used for the growth of the three populations in the chemostat where
the interaction between the di�erent populations is modelled by a Holling type II functional re-
sponse. We use here a simpli®ed Monod±Herbert model, namely the classical Monod model
[18,19] for all trophic levels. This model consists of a system of four coupled ordinary di�erential
equations, since the dynamics of the resources of the lowest trophic level are modelled explicitly.
Using the conservation principle [14] for this Monod model the asymptotic behaviour of the food
chain can be described by a three-dimensional system instead of the original four-dimensional
system. This facilitates the study of the basin of attraction for interior attractors.

For this three-dimensional continuous-time system a Poincar�e next-return map P to a partic-
ular two-dimensional plane, namely where the top-predator has a minimum, is constructed. Since
the ¯ow is dissipative, it follows that the two-dimensional discrete-time system, de®ned by the
Poincar�e map, is area contracting. Intuitively, this should imply that the essential dynamics is
con®ned to a one-dimensional space [20,21]. Simulations showed that when chaotic behaviour
occurs, indeed all points of the next-return map lie close to a single curve in the intersection plane.

In Ref. [10] we studied therefore a one-dimensional discrete-time system, namely a bi-modal
non-invertible map. The bifurcation structure of the food chain model can be understood in great
detail already from the local and global bifurcations of this map. However, this bi-modal map is
non-invertible while the next-return map P is invertible. Therefore, we will analyse here a two-
dimensional invertible map which is, as the original three-dimensional continuous-time system,
dissipative. The bi-modal non-invertible map studied in Ref. [10] is an approximation to this two-
dimensional map and this clari®es why the non-invertible one-dimensional map can be relevant to
the original three-dimensional continuous-time system, see also Ref. [16]. The two-dimensional
map was already de®ned in Ref. [10]; we give here a more complete analysis. For the one-di-
mensional map, the two global bifurcations occurred at the same point in the parameter space.
With the two-dimensional map these two bifurcations occur at di�erent (possible very close to each
other) parameter values, as in the case of the original three-dimensional continuous-time system.

The computer package DsTool [22,23] is used to calculate the stable and unstable manifolds of
two saddle ®xed points for various parameter values. When these manifolds intersect tangentially,
global bifurcations for the homoclinic and heteroclinic orbits occur. Using a method similar to the
prediction±correction continuation method with step-size control described in Ref. [24], the global
bifurcation curves in the two-parameter diagram are calculated. Readers interested in a numerical
technique for the calculation of global bifurcations and their continuation in a two-dimensional
parameter space are referred to Ref. [8].

The two-parameter bifurcation diagrams for the one- and two-dimensional maps resemble that
of the tri-trophic food chain in the region of the parameter space with complex asymptotic be-
haviour. Furthermore, the basin of attraction of the interior attractor of the tri-trophic food chain
is studied in the Poincar�e two-dimensional plane. We will show that important features of this
basin resembles those of the basin of attraction of the two- and to a lesser extent the one-di-
mensional map. Thus, the study of a simple two-dimensional map enhances the understanding of
the dynamics of the tri-trophic food chain. For instance, the order in which di�erent types of local
and global bifurcations can occur when a parameter is varied.

The paper is organized as follows. In Section 2 we describe the model of the food chain under
chemostat conditions. A Poincar�e map is constructed in Section 3. This is actually a next-mini-
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mum map for the top-predator, that is at the intersection with the Poincar�e plane the top-predator
has a local minimum. The graph of the Poincar�e map appears to lie close to a single curve. In
Section 4 we analyse a one-dimensional non-invertible map which resembles the Poincar�e map
and which is used to explain the bifurcation structure and the dynamics of the food chain model.
In Section 5 we discuss the local and global bifurcations of the two-dimensional invertible map,
which is a model of the Poincar�e map of the food chain model.

In Section 6 we describe the one- and two-parameter bifurcation diagrams of the food chain
model itself. We use the concentration of input substrate and the dilution rate of the chemostat as
bifurcation parameters. These parameters may be set by the experimenter. Also these bifurcation
diagrams are calculated using a numerical continuation technique introduced in Ref. [8]. Con-
tinuation of the global homoclinic bifurcation gives a curve in the two-parameter bifurcation
diagram where a boundary crisis occurs. The basin of attraction for the interior attractor is
calculated both by numerical integration of the system for a ®ne grid of initial conditions and by
calculation of the stable manifold of the saddle cycle which is the separatrix between the two
attractors. Finally, in Section 7 we discuss the relation between the bifurcation diagrams of the
analysed one- and two-dimensional maps and the continuous-time dynamical system.

2. Model description

In this section we describe the model of a tri-trophic food chain in the chemostat. The density of
substrate in the chemostat will be denoted by x0. We use xi to denote the mass density of trophic
level i, i � 1; 2; 3. Using the Monod growth model [18,19] for all trophic levels, the dynamics of
the tri-trophic food chain is described by the following system of ordinary di�erential equations:

dx0

dt
� �xr ÿ x0�d ÿ a1x0

k1 � x0

x1; �1a�
dx1

dt
� a1x0

k1 � x0

x1 ÿ dx1 ÿ a2x1

k2 � x1

x2; �1b�
dx2

dt
� a2x1

k2 � x1

x2 ÿ dx2 ÿ a3x2

k3 � x2

x3; �1c�
dx3

dt
� a3x2

k3 � x2

x3 ÿ dx3; �1d�

with t time, d the dilution rate of the chemostat, and xr the concentration of the input substrate; ai

and ki are, respectively, the maximum speci®c ingestion rate and the half-saturation constant of
trophic level i.

The parameters d and xr serve as bifurcation parameters, since these parameters may be set by
the experimenter. The values of the other parameters are ®xed; they are given in Table 1. These
parameter values are relevant for a tri-trophic microbial food chain in the chemostat consisting of
glucose consumed by bacteria, consumed by ciliates (such as Tetrahymena sp. or Paramecium)
which are consumed by carnivorous ciliates (such as Didinium nasutum) [25,9]. The values given in
Table 2 concern dimensionless parameters introduced in Ref. [10].
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System (1a)±(1d) is a simpli®ed version of the Monod±Herbert model analysed in Ref. [10]. In
that model the depletion rates proportional to the biomass in (1b)±(1d) reads d � mi, where the
species speci®c parameter mi models maintenance. The fact that these depletion rates are now
equal for all trophic levels has as a consequence that system (1a)±(1d) can be simpli®ed by using
the conservation principle [14]. Adding the four equations of system (1a)±(1d) gives

dH
dt
� d�xr ÿ H� and consequently lim

t!1
H�t� � xr;

where H�t� � x0�t� � x1�t� � x2�t� � x3�t�. On the omega limit set of system (1a)±(1d) one may
eliminate the x0 variable, see Refs. [26,27], obtaining the system

dx1

dt
� a1�xr ÿ x1 ÿ x2 ÿ x3�

k1 � �xr ÿ x1 ÿ x2 ÿ x3� x1 ÿ dx1 ÿ a2x1

k2 � x1

x2; �2a�

dx2

dt
� a2x1

k2 � x1

x2 ÿ dx2 ÿ a3x2

k3 � x2

x3; �2b�

dx3

dt
� a3x2

k3 � x2

x3 ÿ dx3; �2c�

with state space

X � fx � �x1; x2; x3�T 2 R3
� : x1 � x2 � x36 xrg:

Observe that in the Rosenzweig±MacArthur model we studied in Ref. [8], the ®rst term on the
right-hand side in (1b) is replaced by the logistic growth term x1�1ÿ x1�.

For the region of the parameter space we are interested in, there is a planar limit cycle L0, with
x3 � 0, a positive equilibrium Ep and a positive limit cycle Lp.

Table 1

Parameter values of the tri-trophic food chain model, after [9,25]a

Parameter Value Parameter Value

a1 5:0 k1 0.16

a2 2:0 k2 0.45

a3 1:5 k3 0.833
a The concentration of substrate in the reservoir, xr, and the dilution rate d are bifurcation parameters. These values are

the same as those in an earlier paper [10].

Table 2

Regions in parameter space for systems (2a), (4), and (7) indicated in Figs. 5, 8, 11 and 12

Region Repellor p1; saddle s1, (�y) Heteroclinic orbits Homoclinic orbits

a Absent Absent Absent

b Present Absent Absent

c Present Present Absent

d Present Present Present
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3. Construction of a Poincar map

A Poincar�e map is constructed by choosing a convenient Poincar�e section. We ®rst introduce
some notations. A cross-section R through the state-space X is de®ned by

R � x
�
� �x1; x2; x3�T 2 X : x1 > 0; x2 � dk3

a3 ÿ d
; x3 > 0

�
: �3�

The x2 value is the equilibrium value for the predator, being the solution of (2c) with the left-hand
side set equal to 0. Let x�t� � �x1�t�; x2�t�; x3�t��T be a solution of system (2a)±(2c), with x�0� 2 X.
It follows that x�0� 2 R i�

x3�0� > 0 and
dx3

dt

����
t�0

� 0:

Thus the positive equilibrium �x lies on R. The half-plane R is subdivided into

Rÿ � fx 2 R : g�x� < 0g and R� � fx 2 R : g�x� > 0g;
where the function g : R3 ! R is de®ned by the right-hand side of Eq. (2b)

g�x� � a2x1

k2 � x1

x2 ÿ dx2 ÿ a3x2

k3 � x2

x3:

The half-planes Rÿ and R�, separated by the curve g�x� � 0, are shown in Fig. 2 for d � 0:8732
and xr � 4. Orbits cross R transversely at x�s� if g�x�s�� 6� 0 and x�s� 2 R. The point x3�s� is a local
minimum of x3�t� i� x�s� 2 R� and a local maximum of x3�t� i� x�s� 2 Rÿ, since

dx3

dt

����
t�s

� 0 and
d2x3

dt2

����
t�s

� a3k3

�k3 � x2�s��2
g�x�s��x3�s�:

Let the function P : R� ! R� be the next-minimum map of R�. The intersection points of the
limit cycle Lp with R� and Rÿ are in Fig. 2 denoted by �y and �z, respectively. We found numerically

Fig. 2. Poincar�e map for d � 0:8732 and xr � 4. The intersection points of the chaotic attractor with the Poincar�e
section R (3), are plotted as dots. Point �x is a positive unstable equilibrium Ep. Points �y and �z are intersection points of

the saddle cycle Lp with the Poincar�e section R (3).
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that Lp has no other intersection points with R. From this it follows that �y is a ®xed point of the
map P, that is �y � P ��y�. We found numerically that the Jacobian of the map P, evaluated at �y, has
two real eigenvalues q1 and q2, with 0 < q1 < 1 < q2 and q1q2 < 1. Thus, point �y is a dissipative or
area contracting saddle point.

For system (2a)±(2c) with d � 0:8732 and xr � 4 the set of intersection points of a strange
attractor with R shown in Fig. 2 is nearly one-dimensional. Moreover, the intersection points of
this strange attractor with R� are all very close to a straight line connecting �x and �y. Thus we can
approximate the dynamics of the Poincar�e map P by considering the next minimum of x3 as a
function of the current minimum of x3. This map is depicted in Fig. 3. It has two critical points,
i.e. the map has a local maximum and a local minimum. A point is a critical point of a map if the
®rst derivative at that point is 0. In the next section we will model this next-minimum map of
system (2a)±(2c) simply as a cubic map with two critical points.

4. Dynamics of a one-dimensional map

In this section we show that the sudden disappearance of a strange attractor of system (2a)±(2c)
can be partially explained by considering the one-dimensional discrete-time system

yn�1 � fa;b�yn�; a 2 R; b 2 R; �4�
where yn 2 R is the state at time n and the function fa;b : R ! R is given by

fa;b�y� � 16by3 ÿ 24by2 � 9by � aÿ b:

In Ref. [10, Figure 7] and Fig. 4 the map fa;b is drawn for a � b � 0:8. In the following we will
often write f instead of fa;b, to simplify notation. The bi-modal map f has two critical points, c1 �
1=4 and c2 � 3=4, where f �c1� � a is a local maximum and f �c2� � aÿ b is a local minimum. For
the parameter values a � b � 0:8 map (4) has three ®xed points, denoted by p1, p2, and p3, with
p1 < p2 < p3. The ®xed points p1 and p3 are repellors since f 0�p1� > 1 and f 0�p3� > 1 where f 0

Fig. 3. Next-minimum map of system (2a)±(2c) for d � 0:8732 and xr � 4.
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denotes the derivative of f. The local stability of point p2 is not considered here, since this is
unimportant for our present purposes.

Before we describe the dynamics of map (4) in more detail, we need de®nitions of global con-
necting orbits and their bifurcations. The nth iterate of f is denoted by f n. As usual we say that
the map f is structurally stable if any nearby map is topologically conjugate to f [28], and so has
essentially the same dynamics. An orbit of q 2 �p1; c1� is called homoclinic to p1 if there exists n > 0
such that f n�q� � p1 while limn!ÿ1 /n�q� � p1, where the (invertible) function /�y� is the restriction
of the function f �y� to the interval �p1; c1�, that is /�y� � f �y� for y 2 �p1; c1� [28]. Thus, a homoclinic
orbit is one which tends to a ®xed point under backward iteration and which lands on the same ®xed
point under (®nite) forward iteration. An orbit of r 2 �c2; p3� is called heteroclinic from p3 to p1 if
there exists n > 0 such that f n�r� � p1 while limn!ÿ1 /n�r� � p3, where / is de®ned now by /�y� �
f �y� for y 2 �c2; p3� [28]. A heteroclinic or homoclinic orbit is called non-degenerate if f 0�y� 6� 0 for
all points y on the orbit. Otherwise it is called degenerate. The parameter value for which the
homoclinic or heteroclinic orbit is degenerate is called a homoclinic or heteroclinic bifurcation.

A one-parameter bifurcation diagram is shown in Fig. 5 for ®xed b � 0:8. With a < 0:2255 all
orbits not starting at the equilibrium point, y0 6� p3, escape to in®nity. At a � 0:2255 there is a
tangent or saddle-node bifurcation point T where the ®xed points p1 and p2 appear for increasing a.
In the region 0:2255 < a < 0:5361 the bifurcation plot resembles that of the (unimodal) logistic map

yn�1 � fr�yn� � ryn�1ÿ yn�; r 2 R; yn 2 R: �5�
This map is discussed in many papers on chaos [29±31] and in textbooks, see for example Ref. [16],
as a model for simple ecological systems of seasonally breeding populations with non-overlapping

Fig. 4. The cubic map fa;b (4) for a � 0:8 and b � 0:8. The points p1, p2, and p3 are ®xed points of system (4). The map

has critical points at c1 and c2. The orbits of q1 and q2 are degenerate homoclinic orbits. The orbit of r is a degenerate

heteroclinic orbit.
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generations where 06 y06 1. The one-parameter bifurcation diagram with bifurcation parameter
r, is given in Fig. 6. A cascade of period doubling bifurcations leads to chaotic behaviour.

For r � 4 the the unstable zero ®xed point collides with the chaotic attractor. This parameter
value marks a homoclinic bifurcation. For at this point a homoclinic orbit of point y � 0:5 to the
®xed point y � 0 is degenerated.

For r > 4 this homoclinic orbit bifurcates into two non-degenerate homoclinic orbits to the
zero ®xed point 0 since f 2

r �qi� � 0 for i � 1; 2; where q1 � 0:5� 0:5
���������������
1ÿ 4=r

p
and

q2 � 0:5ÿ 0:5
���������������
1ÿ 4=r

p
. The homoclinic orbits in this region are also plotted in Fig. 6. Orbits of

points in the interval �q1; q2� immediately escape from �0; 1� to ÿ1 and those for all other points
in �0; 1� remain in �0; 1� after one iteration. Orbits of points y with fr�y� 2 �q1; q2� escape after two
iterations and those of points f n

r �y� 2 �q1; q2� after n� 1 iterations. This shows that it possibly
takes a long time before the orbit converges rapidly to ÿ1, the chaotic transients. For r > 4
almost all points in �0; 1� iterate to ÿ1. In [28] it is shown that all points that do not iterate to ÿ1
form a Cantor set. The in®nitely many homoclinic points (there are also in®nitely many het-
eroclinic points from the positive ®xed point to the zero ®xed point) belong to this Cantor set.

In Fig. 7 the map f �y� de®ned in (4) for a � 0:5361 is depicted. The map w�y� de®ned by
w�y� � f �y�, where y 2 �p1; r1� is essentially a unimodal map with one critical point, similar to the
logistic map. This map w�y�, y 2 �p1; r1� and the logistic map fr�y�, y 2 �0; 1� for r close to 4 have
both negative Schwarzian derivative and have one critical point in the interval in the parameter

Fig. 5. One-parameter bifurcation diagram of the one-dimensional map (4) for b � 0:8. The dashed curves indicate the

repellors p1 and p3. The points on the dotted curves lie on a heteroclinic orbit. The points on the dashed±dotted curve lie

on a homoclinic orbit. The attractors are plotted as points. The grey regions are the basin of attraction of these at-

tractors. For a description of the regions, see Table 2.
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Fig. 6. The well-known bifurcation diagram for the logistic map yn�1 � fr�yn� � ryn�1ÿ yn�. The grey region is the basin

of attraction of the positive attractor. For r > 4 the points on the dashed±dotted curve are homoclinic points on the

homoclinic orbit for the zero ®xed point, where f 2
r �yn� � 0.

Fig. 7. The cubic map fa;b (4) for a � 0:5361 and b � 0:8. The points p1, p2, and p3 are ®xed points of system (4). The

orbit of q is a degenerate homoclinic orbit. The orbits of ri, i � 1; 2; 3 are non-degenerate heteroclinic orbits.
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space of interest, and therefore they have basically the same bifurcation structure [28]. This ex-
plains why the bifurcation diagram in the region close to a � 0:5361 resembles that of the logistic
map (5) close to r � 4.

With the cubic map (4) there is, however, an extra branch of the cubic map not present with the
logistic map. This leads to non-degenerate heteroclinic orbits from point p3 to p1, also indicated in
Fig. 7, for a � 0:5361. These heteroclinic orbits form the basin boundary of the attractor outside
the interval �p1; r1�.

The basin of attraction, consisting of disconnected sets, was also calculated by simulation. For
each initial condition the map was iterated a large number of times. If an initial condition yields
an orbit which converges to the attractor a dot is plotted at the location of the initial condition.

Map (4) has both a degenerate heteroclinic orbit, denoted by Thet, and a degenerate homoclinic
orbit, denoted by Thom in Fig. 5, for a � 0:8. These global connecting orbits are also shown in
Fig. 4. The interval �p1; p3� is now invariant. Small perturbations of a, however, yield either non-
degenerate homoclinic and heteroclinic orbits (a < 0:8) or no homoclinic and heteroclinic orbits
(a > 0:8). For a > 0:8 there is again chaotic behaviour but now the entire interval �p1; p3� is in-
variant, that is the basin boundary is now formed by the two saddle points p1 and p3. The diagram
is point-symmetric with respect to the point �a; x� � ��1� b�=2; 1=2� � �0:9; 0:5� where the two
saddle points switch role.

Thus the tangent bifurcation T and the global bifurcations Thet and Thom divide the parameter
space into four regions. We have the following dynamic behaviour as depicted in the one-pa-
rameter bifurcation diagram Fig. 5 for b � 0:8. In regions a and b both heteroclinic and homo-
clinic orbits are absent. In region c there are heteroclinic orbits and no homoclinic orbits. The
attractor lying between p1 and p3 has a complex basin of attraction (Fig. 5). For example, for
a � 0:3 and b � 0:8 the basin of attraction of the ®xed point p2 is given by

�p1; a1� [ �b1; a2� [ �b2; a3� [ � � � ;
where

p1 < a1 < b1 < a2 < b2 < � � � < p3;

and

f n�an� � f n�bn� � p1 for n � 1; 2; . . .

Thus, the points an and bn are heteroclinic for n � 1; 2; . . .
In region d there are both heteroclinic and homoclinic orbits. In this region the repellor p1 is not

a separating point [8] and generally orbits, not on the homoclinic and heteroclinic orbits, escape to
in®nity, as in the case of the logistic map.

As mentioned in Section 1, this one-dimensional map is non-invertible while the Poincar�e next-
minimum map of the continuous-time system is invertible. Therefore we discuss in the following
section a two-dimensional invertible map.

5. Dynamics of a two-dimensional map

In this section we consider the second-order discrete-time system

yn�1 � fa;b�yn� ÿ �ynÿ1; a;b; � 2 R; �6�
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which reduces to the one-dimensional map (4) if � � 0. System (6) can be rewritten as the two-
dimensional map

yn�1 � fa;b�yn� ÿ �zn;

zn�1 � yn:
�7�

Map (7) is invertible if � 6� 0. The Jacobian of map (7) is

det
f 0a;b ÿ�
1 0

� �
� �:

In this section we investigate map (7) for � � 0:04. For this parameter value the map is orientation
preserving, since � > 0, and dissipative or area contracting, since � < 1. This corresponds with the
properties of the map P, which is also orientation-preserving and dissipative near the saddle point
�y.

Before we describe the dynamics of the two-dimensional map (7), we give some de®nitions. Let
u be a two-dimensional map u : R2 ! R2. Let s 2 R2 denote a ®xed point for u, that is u�s� � s,
of saddle-type, that is one eigenvalue of the Jacobian evaluated in s inside and one outside the unit
circle in the complex plane. For such a saddle point, one de®nes the stable and unstable manifold
as

W s�s� � fy 2M : un�y� ! s for n ! 1g;
W u�s� � fy 2M : un�y� ! s for n ! ÿ1g;

respectively, where M is a smooth, two-dimensional manifold and un�y� denotes the nth iterate of
y under u.

Let s1 and s2 be two saddle points. A point q 2M is called a heteroclinic point if
q 2 W s�si� \ W u�sj� when i 6� j. If i � j, then q is called a homoclinic point. We say that q is a
transverse heteroclinic or homoclinic point if W s�si� and W u�sj� intersect transversally at q. Het-
eroclinic or homoclinic bifurcations occur when the intersection is non-transversally or tangen-
tially.

A heteroclinic or homoclinic point q lies on a heteroclinic or homoclinic orbit

C � f. . . ;uÿ2�q�;uÿ1�q�; q;u�q�;u2�q�; . . .g:
Such an in®nite orbit C can be approximated with a boundary-value method [10,32±35]. Such a
method truncates the orbit C to a ®nite orbit ~C and places the endpoints of ~C in the linear ap-
proximations to the unstable and stable manifolds.

This numerical technique supplemented with a continuation method was used to calculate the
global bifurcations Thet and Thom in the two-parameter bifurcation diagram depicted in Fig. 8 with
0 < a < 1 and 0 < b < 1. Non-transversal intersection gives an additional condition which ®xes a
global bifurcation.

In Fig. 9 the ®xed points are shown in the �zn; yn�-plane (note that zn � ynÿ1) together with their
stable, W s�s�, and unstable, W u�s�, manifolds for points in the four di�erent regions in the two-
parameter bifurcation diagram as well as for points on the two global bifurcations curves Thet and
Thom.
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We use the bifurcation parameter values �a;b� � �0:5; 0:4� in region b as starting point of our
analysis. For these parameter values, map (7) has the following two saddles:

s1 � �ÿ0:0345;ÿ0:0345� and s2 � �1:1357; 1:1357�:

All orbits starting below W s�s1� and above W s�s2� in (Fig. 9(b)) go to in®nity. Orbits starting in the
region enclosed by the separatrices W s�s1� and W s�s2� are bounded. This region is the attraction
basin of the ®xed point �0:3988; 0:3988� for �a;b� � �0:5; 0:4�. If we move from region b to region
a through the local tangent bifurcation T, the saddle s1 disappears. In region a all orbits not lying
on W s�s2� escape to in®nity (Fig. 9(a)).

Regions b and c are separated by a heteroclinic bifurcation Thet (Fig. 9 �Thet�). At this hetero-
clinic bifurcation the manifolds W u�s2� and W s�s1� are tangents along a non-transversal hetero-
clinic orbit between s1 and s2. In region c the manifolds W u�s2� and W s�s1� have transversal
intersections (Fig. 9(c)). These intersection points lie on transversal heteroclinic orbits, which are
asymptotic to s1 for n ! �1 and asymptotic to s2 for n ! ÿ1.

At the codimension-two bifurcation point A there exists a non-transversal heteroclinic orbit
between the saddle s2 and the non-hyperbolic ®xed point s1, which has an eigenvalue equal to 1. In
region d there are both transversal heteroclinic and homoclinic orbits (Fig. 9(d)). In this region the
manifold W s�s1� is not a separatrix. The manifolds W u�s1� and W s�s1� have quadratic tangencies
along the homoclinic bifurcation curve Thom, which separates regions c and d (Fig. 9 �Thom�).

If we compare the bifurcation diagrams of map (7) for � � 0:04 (Fig. 8) and � � 0 ([10, Figure
8]), we observe that the bifurcation structure of these diagrams is basically the same. The main
di�erence is that for � � 0 and a P 3

4
the curves Thet and Thom coincide, while for � � 0:04 and a P 3

4

there remains a small distance between Thet and Thom. This is clear from the two ®gures labelled
Thom and Thet at the bottom of Fig. 9. When � � 0, as mentioned already above, the unstable
manifolds for the two ®xed points coincide and is the one-dimensional graph and the stable
manifolds are the horizontal lines through the ®xed points and both global bifurcations occur
simultaneously as shown in Fig. 4.

Fig. 8. Bifurcation diagram of the two-dimensional map (7) for � � 0:04. T is a tangent bifurcation; Thet is a heteroclinic

bifurcation; Thom is a homoclinic bifurcation; point A is a codimension-two point. See also Table 2.
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6. Bifurcation diagrams of the Monod chemostat model

The bifurcation diagrams of the Monod model (2a)±(2c) presented in this section, are closely
related to the bifurcation diagrams of maps (4) and (7). For numerical details of the computations
of the heteroclinic and homoclinic orbits and their bifurcations we refer to Ref. [8,10,35]. As for
the two-dimensional map, the connecting orbits for the Poincar�e next-minimum map are com-
puted by solving a boundary-value problem with truncation to a ®nite time interval. Suitable
boundary conditions are obtained by using linear approximations in the neighbourhood of the
saddle equilibrium or saddle limit cycle.

The basin of attraction in the two-dimensional �x1; x3�-space is shown in Fig. 10 for two values
of d. The concentration in the reservoir is now xr � 4. The initial value of the predator density x2 is
set at its equilibrium value �x2.

(a) (b)

(c) (d)

Thom Thet

Fig. 9. Phase portraits of the two-dimensional map (7) for the di�erent regions and global bifurcation curves given in

Fig. 8. Variable zn along horizontal axis and variable yn along vertical axis; solid curve: W u�s1�; dotted curve: W s�s1�;
dashed curve W u�s2�; dashed±dotted curve W s�s2�.
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The one-parameter bifurcation diagram of system (2a)±(2c) for xr � 4 and 0:78 < d < 0:905 is
plotted in Fig. 11. For di�erent d values, the basin of attraction is obtained as the cross-sections of
the basin of attraction such as shown in Fig. 10 with the vertical line through the equilibrium

Fig. 11. One-parameter bifurcation diagram of the food chain model, system (2a)±(2c) for xr � 4. Plotted as points are

the local minima of x3 of the attractors versus d. The dashed curves indicate the points �x (equilibrium) and �y (limit

cycle). Points on the dotted curves are heteroclinic points. Points on the dashed±dotted curve are homoclinic points. In

the grey regions, an orbit starting at the point x � ��x1;�x2; x3�, with x3 < �x3, is asymptotic to a strictly positive attractor.

At d � 0:873 a homoclinic and a heteroclinic bifurcation occur almost simultaneously. See also Table 2.

Fig. 10. Attraction basin of system (2a)±(2c) for xr � 4. Orbits starting in the grey regions are asymptotic to a positive

attractor. The solid curves are the boundaries of the basin of attraction. These solid curves are intersections of the two-

dimensional stable manifold of Lp with the Poincar�e section R (3). Points �x, �y and �z are described in Fig. 2.
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point Ep. That is, both the prey density x1 and the predator density x2 are set initially at their
equilibrium values �x1 and �x2, respectively, and the single scalar x3 can be varied to study the basin
of attraction. Notice that in Fig. 11 the basin of attraction is shown only for top-predator biomass
density values below the equilibrium value. The lower bound for this region coincides almost with
the unstable limit cycle. This is clear from Fig. 10 and the fact that for a speci®c value of d the
basin of attraction shown in Fig. 11 is just the intersection of the basin of attraction shown in Fig.
10 for x1 � �x1. In the region of interest the lower boundary of the basin of attraction of Fig. 10 is
almost independent of x1 and thus the minimum x3 value with �x1 is almost the same as the x3 value
at the point �y.

This bifurcation diagram is quite similar to the bifurcation diagram given in Fig. 5 for the one-
dimensional map (4). In region a there is no positive attractor. If we move from region a to c,
through the tangent bifurcation Tc, the saddle point �y appears (see Fig. 2). In this region there is a
strictly positive attractor. In addition, there are transverse heteroclinic orbits from �x to �y. The
existence of these heteroclinic orbits leads to a complicated structure of the basin of attraction, as
shown in Figs. 11 and 10. Region d is reached by moving through the homoclinic bifurcation Thom.
In region d there are both transverse heteroclinic and homoclinic orbits. In this region the
manifold W s��y� is not a separatrix. At d � 0:873 a homoclinic and a heteroclinic bifurcation occur
almost simultaneously. In region b there is a positive attractor. The basin of attraction of this
positive attractor has a less complicated structure than in region c, as shown in Figs. 11 and 10. In
region b there are no homoclinic and heteroclinic orbits.

Fig. 12 shows a two-parameter bifurcation diagram of the food chain model (2a)±(2c) for
3 < xr < 4 and 0:6 < d < 0:9, which is an enlargement of a small region of [11, Figure 3]. The

strictly positive equilibrium Ep � �x � ��x1;�x2;�x3�T is locally stable above the supercritical bifur-
cation curve Hÿ. Below this curve the Jacobian evaluated at �x has a pair of complex eigenvalues
with positive real part and one negative real eigenvalue. The saddle cycle Lp exists above the
tangent bifurcation Tc where it collides with a stable limit cycle. This curve Tc has a cusp

Fig. 12. Two-parameter bifurcation diagram of the food chain model, system (2a)±(2c). The curve Tc is a tangent

bifurcation of a limit cycle; Hÿ is a supercritical Hopf bifurcation curve; Point N is a cusp bifurcation point. Thet is a

heteroclinic bifurcation; Thom is a homoclinic bifurcation; Point A is the starting point of a heteroclinic bifurcation

curve. See also Table 2.
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bifurcation point at point N, where three limit cycles (two stable and one unstable) collide si-
multaneously.

Point A is the starting point of the heteroclinic bifurcation curve Thet. At this point exists a non-
transversal heteroclinic orbit from �x (saddle equilibrium Ep) to the non-hyperbolic ®xed point �y
(saddle cycle Lp). Curve Thom is the homoclinic bifurcation curve for the ®xed point �y (saddle cycle
Lp).

7. Discussion and conclusions

In this paper we showed that the complex dynamics of a tri-trophic food chain model in the
chemostat can be understood by considering a simple model of the next-minimum map. The
original four-dimensional system can be reduced to a three-dimensional system when asymptotic
behaviour is studied using a mass conservation argument for the whole food chain in the che-
mostat. The next-minimum map for the intersection of this three-dimensional ¯ow with a two-
dimensional plane turns out to be almost one-dimensional (Figs. 2 and 3) and resembles a cubic
map. The dynamics of this cubic map can be analysed in great detail, using the extensive theory of
one-dimensional systems [20,28,36±38]. The results of this analysis can be used to understand the
bifurcation structure of the food chain model.

Comparing Fig. 11 with Fig. 5 shows that the one-parameter diagrams for the continuous-time
model and the one-dimensional map are similar except for large d values. Increasing d in region b
gives a cascade of period doubling bifurcations ®nally leading to the local Hopf bifurcation Hÿ

for a point attractor while the diagram for the one-dimensional map is point-symmetric with
respect to the point �a; x� � �0:9; 0:5�. For smaller values of d the chaotic behaviour disappears
also via a cascade of period doubling, but here the limit cycle disappears via a local tangent bi-
furcation Tc and T in Figs. 11 and 5, respectively.

A better understanding of the relation between the invertible two-dimensional Poincar�e map of
system (2a)±(2c) and the non-invertible one-dimensional cubic map was obtained by considering
the e�ect of a small two-dimensionality on the cubic map. For the two-dimensional map, which is
also orientation-preserving, a homoclinic bifurcation can be found in a region with transversal
heteroclinic orbits, while for the cubic map a heteroclinic and homoclinic bifurcation occur si-
multaneously.

We conclude that the bifurcation structure of system (2a)±(2c) is quite similar to that of maps
(4) and (7), as can be seen by comparing Figs. 12 and 8. Notice that the local ¯ip bifurcations and
tangent bifurcations for limit cycles, associated with the cascade of period-doubling and periodic
windows leading to chaotic behaviour, are not shown in these bifurcation diagrams. For these
local bifurcations the resemblance of the structure of the discrete-time and continuous-time sys-
tem is also striking. These bifurcations show that stable higher period limit cycles can exist in
regions d in Figs. 8 and 12.

Heteroclinic orbits from a saddle equilibrium to a saddle limit cycle give the basin boundary of
the positive attractor in a one-parameter bifurcation diagram Fig. 11. Small perturbations from
the equilibrium value used as an initial point in simulation studies, can yield irregular results when
a parameter is varied: for some values there is convergence to a positive attractor and for other
values the top-predator goes extinct. This is perhaps the reason why in Ref. [1, Figure 2] for
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K � 1:053 another `crisis' was found where the chaotic attractor disappeared suddenly. For that
value of the bifurcation parameter the calculated chaotic attractor disappeared, however, prob-
ably because with the procedure followed, the initial point came to lie outside the basin of at-
traction when the parameter was varied.

The `hole' in the chaotic attractor between the two global bifurcations Thom resembles that
depicted in Ref. [1, Figure 2] calculated for a tri-trophic Rosenzweig±MacArthur food chain
model. At the crises, the chaotic behaviour converts into a chaotic transient. That is, with sim-
ulation in time the ¯ow follows, possibly for a long time, the ghost of a chaotic attractor but
®nally the top-predator disappears. McCann and Yodzis [1,2] found similar crises and they
conjectured that a homoclinic bifurcation for the homoclinic non-transversal orbit to a saddle
limit cycle is associated with a boundary crisis. This paper con®rms this.

The global homoclinic bifurcation, which can be continuated numerically in a two-parameter
bifurcation diagram as described in Ref. [8], marks boundary crises and consequently also a re-
gion in the parameter space where coexistence of the three species is possible. With bi-trophic food
chains an otherwise stable equilibrium can become unstable when the nutrient input is increased, a
phenomenon called the `Paradox of Enrichment'. With tri-trophic food chains the top-predator
can even go extinct when the nutrient input is increased, via a local tangent bifurcation for
equilibria or limit cycles but also via a global homoclinic bifurcation for a chaotic attractor.
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