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Abstract

In their natural environment microorganisms encounter changes in substrate availability, involving either nutrient

concentrations or nutrient types. They have to adapt to the new conditions in order to survive. We present a model for

slow microbial adaptation, involving the synthesis of new enzymes, in response to changes in the availability of

substitutable substrates. The model is based on reciprocal (or mutual) inhibition of expression of both the substrate-

specific carriers and the associated assimilatory machinery. The inhibition kinetics is derived from the kinetics of

synthesizing units. An interesting property of the adaptation model is that the presence of a single limiting resource

results in a constant maximum specific substrate consumption rate for fully adapted microorganisms. Because the

maximum specific consumption rate is not a function of substrate concentration, for growth on one substrate, the

Monod and Pirt models for instance are still valid. Other adaptation models known to us do not fulfil this property. The

simplest version of our model describes adaptation during diauxic growth, using only one preference parameter and one

initial condition. The applicability of the model is exemplified by fitting it to published data from diauxic growth

experiments.

r 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Many microorganisms are able to grow on a wide

variety of substrates, the consumption of the substrates

being either sequential or simultaneous. Indeed, sequen-

tial utilization resulting in diauxic growth [1] has often

been observed. During diauxic growth, depletion of the

first substrate is followed by a lag period in which the

microorganisms adapt to the second substrate. After this

lag phase, exponential growth on the second substrate

starts. The length of the intermediate lag period depends

on pre-culturing conditions and the relative concentra-
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tions of the substrates, as well as on the type of

substrates [2].

In the environment many carbon sources are present.

This means that heterotrophic microorganisms have the

opportunity to utilize several substrates simultaneously.

This co-utilization enables microorganisms to attain

considerable growth rates, even when each substrate is

present at a very low concentration [3]. Moreover,

simultaneous substrate consumption is important to the

degradation of pollutants present at low concentrations.

Furthermore, substrates can be consumed sequentially

in batch culture, whereas they are consumed simulta-

neously in continuous culture or in nature. In a previous

article, we formulated a model framework for multiple

substrate biodegradation [4] that does not take adapta-

tion into account.
d.
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Nomenclature

The symbols used for the dimensions are: –, no

dimension; t, time; l, length; #, amount (C-mol or mass).

fi Si/(Ki+Si) (�)
h enzyme turnover rate (t�1)

jim max. spec. consumption rate of substrate i

(# #�1 t�1)

ji specific arrival rate of compound i (# #�1 t�1)

j0i scaled arrival rate of compound i : j0i ¼ jiri

(##�1 t�1)

Ki saturation constant of substrate i (#l�3)

ki handling rate for compound i (t�1)

k signal flux proportionality constant (##�1t�1)

ni number of ‘enzymes’ i per structural mass

(##�1)

pi preference parameter for adaptation to sub-

strate i (�)

r biomass growth rate (t�1)

rmax maximum biomass growth rate (t�1)

Si concentration of substrate i (#/l�3)

X biomass concentration (#/l�3)

yij stoichiometric coefficient (coupler): com-

pound i needed per compound j formed

(##�1)

Yi Monod yield factor (##�1)

yij fraction of synthesizing units occupied by

compound i and j (–)

ki expression fraction of enzyme for substrate i

(–)

k�i background expression fraction of substrate i

(–)

kmaxi max. expression fraction of substrate i (–)
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In growth models, based on the Monod model,

microorganisms consume substrate at a rate that

depends hyperbolically on substrate concentration. The

maximum specific consumption rate, however, does not

depend on the substrate concentration. The parameters

that control the uptake process are constant during fast

changes of substrate types and availability, but can be

subjected to slow adaptation processes that take several

generations.

We modelled the slow microbial adaptation of

consumption of various substitutable substrates (i.e.,

substrates that can fulfil the same role in metabolism).

We assumed that the pathway for each substrate is

inducible and that the presence of one substrate is able

to influence the expression of the pathway of other

substrates. The article is organized as follows. To start,

we introduce binding-inhibition kinetics in a synthesiz-

ing unit (SU) framework. Then we use the obtained

binding-inhibition equations to describe the expression

of a pathway in response to changes in substrate

availability. Finally, we develop the adaptation model

and confront it with experimental data on diauxic

growth.
2. Substrate availability and signal fluxes

Regulatory mechanisms are responsible for adapta-

tion. It is well known that the presence of a substrate

induces a signal in the microorganisms that can alter

their catabolic properties [5]. Mechanisms involved in

the glucose–lactose diauxie in Escherichia coli have been

known for a long time [5] and we may be tempted to

model them in detail. However, it has recently been

found that the main reason for the diauxie is inducer

exclusion: while glucose is present, lactose is not taken
up [6,7]. Furthermore, the mechanisms of carbon

catabolite repression differ substantially among bacteria

[7]. These differences and changing insights into details

of reported mechanisms convinced us to develop an

adaptation model that focuses on the general processes

rather than on the biochemical details. The model is

species independent and, in addition, has the advantage

that it requires less parameters and equations than a

model that describes the biochemical processes in detail.

This is important for practical applications.

We assume that each substrate has a specific

regulatory protein that handles the signal fluxes and

decides whether to increase or decrease the catabolic

capacity for the substrate. The regulatory protein

functions as a synthesizing unit (SU) that controls the

synthesis of assimilatory machinery for that substrate.

An SU is a generalized enzyme that follows classic

association–dissociation kinetics with two modifications

[8,9]: (i) production fluxes relate to arrival fluxes of

substrates at the SU, and (ii) the dissociation rate

between substrate and SU is negligibly small. We deal

with a metabolic pathway as if we deal with a single rate-

limiting enzyme. In sum, the availability of a certain

substrate produces a signal flux, handled by an SU. For

organisms that are able to adapt, this results in

adaptation to a substrate in response to the concentra-

tions of all available substrates.

In this article we derive the adaptation model for two

substrates, but the model can easily be extended to

account for any number of substrates. When two

substrates are present in the medium, two situations

are possible. First, the presence of one substrate does

not affect the consumption of the other. This situation

results from ‘‘unilateral binding inhibition.’’ Second, the

presence of one substrate can influence the consumption

of the other. This situation results from ‘‘bilateral
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binding inhibition.’’ Both cases of inhibition are treated

in detail below using the synthesizing unit concept. The

production flux of a certain SU determines the change in

the amount of the corresponding rate-limiting enzyme.

In this section, we explain how unilateral and bilateral

binding inhibition give rise to changing maximum

specific substrate consumption rates in response to

changing substrate availability. In the next section, we

deduce simple equations describing the adaptation

process.

2.1. Unilateral binding inhibition

In unilateral binding inhibition, one substrate can

repress the utilization of another but not vice versa. We

obtain an equation for the synthesis of enzyme that

controls the maximum specific uptake rate of a

particular substrate. As explained above, we assume

that the presence of two substrates (A and B) induces

two fluxes of signal molecules ð *A and *BÞ: A signal

molecule *A; induced by the presence of substrate A,

results in the synthesis of a certain number of enzymes.

Fig. 1 depicts the following process. We deal with the

reaction yAC
*A-C that is inhibited by compound B. The

presence of yAC signal molecules *A gives rise to the

production of one molecule of enzyme C; thus yAC is a

stoichiometric constant. The SU can bind both *A and *B;
but it can bind *A only if *B is not bound. *B does not

affect the production of C if *A is already bound; *A does

not affect the binding or release of *B: The SU can be in

four different states: unoccupied (y..), occupied by *A
Substrate A

Signal Ã

SU in state �  .A or �AB

Enzyme C

formation of signal molecules

signal binds to SU (in state �.. or �.B)

SU regulates production of enzyme C

Enzyme C degrades substrate A

Fig. 1. Sequence of events in the adaptation to substrate A.

Substrate A gives rise to signal molecules *A, which can induce

the synthesis of enzymes degrading substrate A. These signal

molecules can bind to an SU that regulates the enzyme synthesis

of enzyme C. Binding of signals can be inhibited by signal

molecules *B coming from substrate B.
only (yA.), occupied by *B only (y.B), or occupied by both
*A and *B (yAB).

The equations for the change in the bound fractions

of the SU become:

d

dt
y:: ¼ kAyA:þ kBy:B � ðj0A þ j0BÞy::;

d

dt
yA: ¼ j0Ay::þ kByAB � kAyA:� j0ByA:;

d

dt
y:B ¼ j0By::þ kAyAB � kBy:B;

1 ¼ y::þ yA:þ y:B þ yAB;

with j0i ¼ jiri; where ri is the binding probability and ji
the arrival rate of signal molecules induced by substrate

i. The steady-state fractions of bound SUs are y�ij ¼
Yij=Yþ; with Yþ ¼ Y:: þYA:þY:B þYAB and

Y:: ¼ kAkBðj0B þ kA þ kBÞ;

YA: ¼ j0AkBðkA þ kBÞ;

Y:B ¼ kAj0Bðj
0
A þ j0B þ kA þ kBÞ;

YAB ¼ j0Aj0BkB:

The C production flux is given by

jC ¼ yCAkAðy
�
A:þ y�ABÞ

yCAj0AkAkB

ðj0B þ kBÞðkA þ j0A=ð1þ j0B=kþÞÞ
;

where kþ ¼ kA þ kB: The maximum C production flux

for j0A-N is jCm ¼ yCAkAkBð1þ j0B=kþÞ=ðj0B þ kBÞ: If

j0B ¼ 0; the production reduces to jC ¼ yCAj0AkA=ðkA þ
j0AÞ as expected from the Michaelis–Menten kinetics. If

signal molecule *B results in the synthesis of an enzyme

D, the D production flux is given by

jD ¼ yDBkBðy
�
:B þ y�ABÞ ¼

yDBj0BkB

j0B þ kB

:

This formulation of binding inhibition is the simplest.

Additional biological details can be introduced, such as

binding probabilities or dissociation rates that depend

on whether or not the other compound is bound.

Although the introduction of such dependencies can

allow the description of more complex inhibition

patterns, it also implies an increase in the number of

parameters.

2.2. Bilateral binding inhibition

In bilateral binding inhibition, one substrate can

repress the use of another and vice versa. As above, we

deal with the reaction yAC
*A-C that is inhibited by

compound B. In addition, we now have the reaction

yBD
*B-D that is inhibited by compound A. Again, yAC

and yBD are stoichiometric constants, and C and D are

the key enzymes involved in processing substrates A and

B. In this case, the inhibition is reciprocal. The SU can

bind both *A and *B; but it can bind *A only if *B is not

bound, and vice versa. The equations for the change in
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the bound fractions of the SU now read:

d

dt
y:: ¼ kAyA:þ kBy:B � ðj0A þ j0BÞy::;

d

dt
yA: ¼ j0Ay::þ kByAB � kAyA:;

d

dt
y:B ¼ j0By::þ kAyAB � kBy:B;

1 ¼ y::þ yA:þ y:B þ yAB;

with j0i ¼ jiri; where ri is the binding probability and ji
the arrival rate of signal molecules induced by substrate

i. The steady-state fractions of bound SUs are y�ij ¼
Yij=Yþ; with Yþ ¼ Y:: þYA:þY:B þYAB and

Y:: ¼ kAkB; YA: ¼ j0AkB; Y:B ¼ j0BkA; YAB ¼ 0:

The resulting C production flux is given by

jC ¼ yCAkAy
�
A: ¼

yCAj0AkAkB

j0AkB þ j0BkA þ kAkB

: ð1Þ

The maximum flux of C for j0A-N is jCm ¼ yCAkA: If
j0B ¼ 0; the production reduces to jC ¼ yCAj0AkA=ðkA þ
j0AÞ as expected. The situation for substrates A and B and

their induced production fluxes are now symmetric.
3. Adaptation

3.1. Model development

The production of the key enzymes for the processing

of substrates is controlled by signals to the synthesis

machinery, while the signals are produced by substrates

that are taken up. If enzyme production depends on the

magnitude of these signals, the production at varying

substrate concentrations varies even when only one

substrate is present. In this single substrate situation, the

maximum specific consumption rate will become a

function of substrate concentration. However, a con-

stant maximum specific consumption rate is usually

assumed in popular and successful microbial growth

models [1,9–11]. The empirical success of these models

leads to the conclusion that the production of assimila-

tion machinery does not respond to the absolute signal

size, but to the relative signal size (i.e., the signal value is

divided by the maximum signal value).

If substrates A and B are processed in parallel and we

have nA assimilatory units for substrate A per unit of

structural mass, the substrate processing rate for

substrate A is proportional to nAfA; where fA ¼
SA=ðSA þ KAÞ with saturation constant KA and sub-

strate concentration SA: The signal size is proportional
to this flux (with proportionality constant p�i Þ; so the

relative signal size is sA ¼ p�AnAfA=
P

i p�i nifi : This

formulation allows for a substrate-specific signal ampli-

fication via weight coefficients p�i ; which also accounts

for the binding probability of the signal to the signal
processing unit (regulatory protein). The signal is

actually a flux, so the relative signal flux can be written

as sAk; where k represents the flux proportionality

constant as well as the total signal strength, since sA þ
sB ¼ 1: In mathematical terms this means j0A ¼
ksA and j0B ¼ ksB:
The signals are processed in a reciprocal inhibitory

way to allow some metabolic memory and preferences

for particular substrates. The production rate of

assimilatory machinery is proportional to that of the

biomass, which has specific growth rate r (see Section 3.3

below). The specific production rate of assimilatory

machinery, as defined by Eq. (1), does not depend on the

biomass production rate. If the biomass growth rate

doubles, the production rate of key enzymes should also

double in order to keep the number of assimilatory units

per unit of biomass constant. Thus, we multiply the

specific production rate by a factor r=r0; with r0 some

reference rate.

The dilution of assimilatory machinery by growth

amounts to �rnA for substrate A. If the machinery is not

restored during exponential growth, it will dilute in the

newly formed biomass in an exponential way. In sum

d

dt
nA ¼ jC

r

r0
� rnA: ð2Þ

In this equation, we make a quasi-steady-state assump-

tion for jC on the basis of time-scale arguments, as is

customary, since enzyme kinetics is faster than growth

kinetics.

Using bilateral binding inhibition (Eq. (1)), the

change in the amount of rate-limiting machinery for

substrate A is now given by

d

dt
nA ¼ r

n�AsAð1þ k=kAÞ
sAð1þ k=kAÞ þ sBð1þ k=kBÞ

� nA

� �
;

where n�A ¼ ðyCAk=r0Þ=ð1þ k=kAÞ is the steady-state

rate-limiting enzyme concentration for substrate A for

exposure to that substrate only.

The expression fraction is defined as ki ¼ ni=n�i : As it
represents the ratio of the expression and the maximum

attainable expression ðn�i Þ; it has a value between zero

and one. From the equation above the change in these

fractions is given by

d

dt
kA ¼ r

pAkAfA

pAkAfA þ pBkBfB

� kA

� �
;

d

dt
kB ¼ r

pBkBfB

pAkAfA þ pBkBfB

� kB

� �
;

ð3Þ

where pi ¼ p�i n�i ð1þ k=kiÞ are substrate preference

coefficients. Without loss of generality, we can take pA þ
pB ¼ pþ ¼ 1: Please note that for kþ ¼ kA þ kB; we have
dkþ=dt ¼ rð1� kþÞ; which gives the natural constraint

kAð0Þ þ kBð0Þ ¼ 1 on the initial conditions. Once kAðtÞ þ
kBðtÞ ¼ 1 for some value of time t, it remains one at all

time points. These constraints reduce the system above



ARTICLE IN PRESS
B.W. Brandt et al. / Water Research 38 (2004) 1003–1013 1007
to a single equation with effectively two parameters,

pA and kAð0Þ:

3.2. Model analysis

Prolonged exposure to substrate A only ðfB ¼ 0Þ
results in maximum expression ðkA-1Þ of the corre-

sponding rate-limiting enzyme, whereas prolonged

absence of substrate A ðfA ¼ 0Þ results in no expression

at all ðkA-0Þ: For constant substrate concentrations,

the expression is either maximum or zero at steady

state, depending on which value for pifi is the largest.

In a steady-state chemostat, dual substrate consump-

tion can take place, since the microorganism adapts

until pAfA ¼ pBfB:
If the organisms have depleted their own substrates,

the final values of the expression fractions depend on

how the substrates were depleted. This is because the

adaptation rate is linked to the growth rate (cf. Eqs. (2)

and (3)). After complete depletion of the resources the

adaptation equations above become mathematically

undetermined. In the unlikely situation that this

behaviour poses a problem in a practical application,

it can be avoided by adding a background signal for

each substrate and replacing fi by fi þ ei for i ¼ A; B:
When a particular substrate has been absent for a very

long period its expression fraction becomes zero. The

microorganism then is not able to initiate the uptake of

that substrate. Since this behaviour is asymptotic only, it

will probably not constitute a problem in practice.

Moreover, it can be avoided by adding a small

background signal as above or by introducing a back-

ground production flux as rk�
i for i ¼ A;B: As a

consequence of the addition of the background

production flux, the maximum value of ki will no

longer be one. Substrate uptake now becomes dSi=dt ¼
�ðki=kmaxi ÞfiX ; where kmaxi ¼ 1þ k�i represents the max-

imum value of the expression fraction ki:
The assimilation machinery, including the carriers, are

part of cells’ structure. Cells maintain their structure by

degrading and reconstructing their functional proteins.

Such enzyme-specific maintenance becomes visible in the

adaptation process as a protein decay and an enhanced

synthesis via term h. Incorporation of this enzyme

turnover into the adaptation model, for an arbitrary

number of substrates, leads to

d

dt
ki ¼ ðr þ hÞ

pikifAP
j pjkj fj

þ k�i � ki

 !
; ð4Þ

with
P

i pi ¼ 1: Notice that for kþ ¼
P

i ki and k�þ ¼P
i k

�
i we have

d

dt
kþ ¼ ðr þ hÞð1þ k�þ � kþÞ;

which implies that as soon as kþðtÞ ¼ 1þ k�þ; it will

never leave this value. This can be used as a constraint
on the initial conditions for ki to remove one degree of

freedom from the system.

Our adaptation model spans the full range of nutrient

utilization, from simultaneous substrate consumption to

sequential consumption. For two nutrients, the mode of

consumption depends on the value of a single preference

parameter (pA); if it is very small, substrate B will be

taken up first. Notice that we also have initial conditions

for the expression fractions, which count as parameters

in fits to experimental data, although their significance

vanishes in time. The model can be extended in several

ways, for example by accounting for cross-competitive

inhibition between the substrates or for unilateral

binding inhibition.

A very important feature of this model for adaptation

is that once the cells are adapted, cell growth and

substrate uptake are ‘‘normal’’ again. This means that

the adaptation module can easily be combined with

other modules, such as the Monod model [1], the

Herbert–Marr–Pirt models [10,12,13], the Droop model

[11] or the DEB model [9]. The crucial property is that

the substrate availability and the growth rate do not

influence the number of carriers (or level of key

enzymes) of fully adapted organisms. Alternative models

that are known to us [14–16] do not satisfy this property.

This implies that the adaptation process as described by

these models affects the dynamics of fully adapted cells,

which seems unrealistic to us.

3.3. Biomass growth

Although the equations in the previous section fully

specify substrate uptake, they do not yet specify the

biomass growth process itself. However, as we stated

before, the adaptation model has the advantage that it

can be combined with any microbial growth model.

Hence, the Monod model [1] can be used. If, in addition,

we know the maintenance requirements of the micro-

organism, Pirt’s model [10] can be used. Alternatively,

the DEB model [9] can be used. This is a more elaborate

and realistic growth model that accounts for the

presence of reserves. For more information about the

DEB model we refer the reader to the Appendix.

For any of the growth models cited in this article, the

consumption rate of substrate i and the biomass growth

rate are given by

d

dt
Si ¼ �jim

ki
kmaxi

Si

Si þ Ki

X ; ð5Þ

d

dt
X ¼ rX ; ð6Þ

with maximum specific uptake rate jim and biomass

concentration X. The change in the expression fractions

are given by Eq. (4). In case of zero background

expression, kmaxi is equal to one. The expression for the
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Table 1

Monod parameter values of Klebsiella oxytoca obtained in [14]

from single substrate growth data. The maximum growth rate

rmax, the saturation constant K, and the yield factor Y are given.

Carbon source rmax (h
�1) K(g/L) Y (g dry wt/g)

Glucose (A) 1.08 0.01 0.52

Xylose (B) 0.82 0.2 0.50

0 5 10 15

0.01

0.1

1

10

→
bi

om
as

s
co

nc
.(

g/
L

)
→ time (h)

Fig. 2. Influence of the preference parameter pA on the length

of the lag phase. The figure shows growth on two carbon

sources with different preference parameter values (pB/pA=0.1,

solid line; pB/pA=0.1, dashed line). When the microorganisms

prefer the first substrate to the second substrate (pB/pA=0.1),

the length of the diauxic lag increases (parameter values from

Table 1). Adaptation-model parameters: h=0.0 h�1, pB/pA=0.1

or pB/pA=1.0. Initial conditions: SA(0)=1.0 g/L, X(0)=0.01 g

dry wt/L, kAð0Þ ¼ 0:90:
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specific growth rate r varies from one model to another.

In the Monod model, for example, the yield factor Yi

relates substrate consumption to biomass growth:

r ¼ ð1=X Þ
P

i YiðdSi=dtÞ:

3.4. Model equations

In the following sections we use the adaptation model,

in combination with the Monod model, in simulations

and in data fitting. We assume that background

expression is absent (thus kmaxi ¼ 1Þ: For two substrates,

the set of differential equations describing adaptation: is

d

dt
X ¼ rX ;

d

dt
SA ¼

rA max

YA

kAfAX ;

d

dt
SB ¼

rB max

YB

kBfBX ;

d

dt
kA ¼ ðr þ hÞ

kAfA

kAfA þ wkBfB

� kA

� �
;

d

dt
kB ¼ ðr þ hÞ

kBfB

kAfA=w þ kBfB

� kB

� �
;

where

fA ¼
SA

SA þ KA

; fB ¼
SB

SB þ KB

;

w ¼ pB=pA;

r ¼ kArA maxfA þ kBrB maxfB:

The adaptation module has only three parameters:

h; pA=pB; and kAð0Þ: Please note that the last parameter
is an initial condition and not an adaptation-process-

related parameter. Remember that kBð0Þ ¼ 1� kAð0Þ:
The Monod model for two substrates has nine para-

meters: ri max;Yi;Ki;Sið0Þ; for i ¼ A;B; andX ð0Þ: The

parameters Sið0Þ and Xð0Þ are initial conditions, whereas
ri max;Yi; and Ki are Monod growth parameters.

Below we show model simulations in which we

assigned values to the parameters. Thereafter, we apply

the model to data. For the parameter estimation proce-

dure, we assumed constant variance with no covariance

for the observations (least-squares regression).
4. Model simulation

A model simulation reveals the influence of the

preference parameters pi, and adaptation, on the diauxic

lag and on the substrate consumption. We carried out

the simulations below by numerically solving the set of

differential equations above. We assigned the values

obtained in [14] (Table 1) to the Monod growth

parameters, whereas we gave representative values to

the remaining parameters.
Fig. 2 illustrates the influence of substrate preference

on the lag phase. In this simulation, the microorganisms

have the same preference for both substrates or a ten

times higher preference for the first, respectively. A

higher preference for the first substrate results in a

longer lag phase before growth on the second starts. The

initial value of the expression fraction kAð0Þ was set to
0.90, which means that the biomass is 90% adapted to

substrate A.

Fig. 3 shows the result of adaptation for a steady-state

continuous culture. The expression fractions as well as

the resulting steady-state biomass and substrate con-

centrations are shown as a function of the dilution rate.

Experimental results show that at low dilution rates

both substrates are consumed, whereas at high dilution

rate only one substrate is consumed, cf. [3,15,17]. As can

be seen from Fig. 3, this is also predicted by the

adaptation model. We remark that, in experiments by

Lendenmann et al. E. coli used all sugars in different

mixtures simultaneously, independent of mixture com-

position and dilution rate [18]. However, this is not

necessarily in disagreement with our prediction as it can

be due to the types of sugars and the range of dilution

rates used.
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Fig. 3. Influence of the dilution rate on the expression fractions and substrate concentrations in a steady-state chemostat with input

concentrations of 0.5 g/L substrate A (dashed line) and 0.1 g/L substrate B (dotted line). Left: the expression fractions as a function of

the dilution rate. Right: the substrate concentrations and biomass (solid line) concentration as a function of the dilution rate

(parameter values from Table 1). Adaptation-model parameters: h=0.0 h�1, pB/pA=0.5.
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Fig. 4. Model validation of growth of K. oxytoca on glucose

after pre-culturing on glucose. The dots represent experimental

data (from [14]), the line represents the model fit. Adaptation

parameters: h=0.67 h�1, pB/pA=0.68. Monod parameter values

from Table 1. Initial conditions: SA(0)=5.8 g glucose/L,

X(0)=0.005 g dry wt/L, kAð0Þ ¼ 0:89:
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Fig. 5. Model validation of growth of K. oxytoca on xylose

after pre-culturing on glucose. The dots represent experimental

data (from [14]), the line represents the model fit. Growth and

adaptation parameters as in Fig. 4. Initial conditions:

SB(0)=4.7 g xylose/L, X(0)=0.0051 g dry wt/L, kBð0Þ ¼ 0:11:
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5. Applications

In this section we use the model to describe data from

the literature, starting with the growth of Klebsiella

oxytoca on glucose and xylose [14]. A second example is

the diauxic growth of Pseudomonas oxalaticus on acetate

and oxalate [19]. A third example is the diauxic growth

on fructose and succinate [20].

5.1. Diauxic growth on glucose and xylose

Kompala et al. [14] have reported the diauxic growth

of Klebsiella oxytoca on, for example, glucose and

xylose. We applied our model to their data, using the

Monod model for growth. During the estimation

process the Monod parameters remain fixed on the

values given in Table 1. We show a series of model

validations followed by a model prediction. In this

example, the values of the turnover parameter (h) must

be identical for all fits. The values of the adaptation

parameters and the values of the initial biomass

concentrations have been estimated. We used the

measured initial substrate concentrations in Figs. 6–8.

Initial substrate concentrations in Figs. 4 and 5 were

estimated separately by using the values of the Monod

parameters (Table 1), since [14] does not report them.

Note that the value of the preference parameter pB/pA is

not relevant for the growth on one substrate. In the

following figures the dots represent the experimental

data and the lines the model calculations.

Figs. 4 and 5 show fits to data on the growth on either

glucose or xylose of an inoculum pre-cultured on

glucose. Figs. 6 and 7 show fits to the data on

glucose–xylose diauxie. These data refer to an inoculum

pre-cultured on glucose and an inoculum pre-cultured

on xylose, respectively. Fig. 8 shows a model prediction

using the parameter values obtained by fitting the data

shown in Figs. 4–7. Although none of the model

parameters were fitted to this data-set, the predicted

behaviour corresponds with the experimental results.

The parameters used in these figures are as follows. The
adaptation parameters are h=0.67 h�1, pB/pA=0.68.

The Monod parameter values are shown in Table 1.

The initial conditions are given in the figures’ legends.
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Fig. 8. Model prediction of growth of K. oxytoca on glucose

and xylose after pre-culturing on glucose. The dots represent

experimental data (from [14]), the line represents the model fit.

Growth and adaptation parameters as in Fig. 4. Initial

conditions: SA(0)=0.33 g glucose/L, SB(0)=2.0 g xylose/L,

X(0)=0.035 g dry wt/L.
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Fig. 7. Model validation of growth of K. oxytoca on glucose

and xylose after pre-culturing on xylose. The dots represent

experimental data (from [14]), the line represents the model fit.

Growth and adaptation parameters as in Fig. 4. Initial

conditions: SA(0)=0.33 g glucose/L, SB(0)=2.0 g xylose/L,

X(0)=0.038 g dry wt/L, kAð0Þ ¼ 0:23; kBð0Þ ¼ 0:77:
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Fig. 6. Model validation of growth of K. oxytoca on glucose

and xylose after pre-culturing on glucose. The dots represent

experimental data (from [14]), the line represents the model fit.

Growth and adaptation parameters as in Fig. 4. Initial

conditions: SA(0)=0.5 g glucose/L, SB(0)=2.5 g xylose/L,

X(0)=0.035 g dry wt/L, kAð0Þ ¼ 0:89; kBð0Þ ¼ 0:11:
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5.2. Diauxic growth on acetate and oxalate

Dijkhuizen et al. [19] have reported the diauxic

growth of Pseudomonas oxalaticus OX1 on acetate and

oxalate. To fit our model to this data set, we set the

initial condition of substrate and biomass concentration

to the measured values at time zero. Furthermore, we

fixed the value of the saturation constants on 0.01mM,

because the data do not contain information to estimate

these constants well. The estimated values for the other

parameters are given in Fig. 9. The estimated values for

the maximum growth rates and yields are within the

range values expected under these conditions. The

doubling times on acetate and oxalate are usually about

1.8 and 3.6 h, respectively [19]. Fig. 9 depicts a fit of the

adaptation model to their data. As can be seen from this

figure, the model fits the data well.

5.3. Diauxic growth on fructose and succinate

Azospirillum brasilense has shown diauxic growth

when incubated with succinate and fructose [20]. To

obtain a model fit of the experimental results, we use our

adaptation model in combination with the Monod

model. The substrates have been radioactively labelled

and their consumption as well as their incorporation

into biomass have been measured in three experiments.

In the model fit shown below, we used a biomass

incorporation percentage of 20% for succinate [20] and

of 50% for fructose.

Since radioactivity has been measured, a background

radioactivity signal exists during the experiment (14CO2,

radioactive products). This means that the substrate

concentration based on radioactivity is not zero when all
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Fig. 9. Model fit to data on growth of P. oxalaticus (�) on
acetate (’) and oxalate (m) after preculturing on acetate (data

from [19]). Under the experimental conditions, 1 unit optical

density (433 nm) is approximately equivalent to 235mg dry wt/

L. Parameter values: rAmax=0.33 h�1, rBmax =0.19 h�1,

YA=0.11mM acetate OD�1, YB=0.022mM oxalate OD�1,

KA=0.01mM (fixed), KB=0.01mM (fixed), h=0.15 h�1,

pB/pA=0.5. Initial conditions: SA(0)=D 4.3mM acetate,

SB(0)=20mM oxalate, X(0)=0.11 OD, kAð0Þ ¼ 0:99;
kBð0Þ ¼ 0:01:
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(primary) substrate has been consumed. The signal of

these radioactive products can be incorporated into

the model expression for fructose consumption.

The formation of radioactive products equals dP=dt ¼
�aðdSB=dtÞ � kdP: Since we used an incorporation

percentage of fructose of 50%, the parameter a has a

value of 0.50. Fig. 10 shows the model fit of fructose

disappearance without (solid line) and with (dotted line)

the incorporation background radioactivity. The adap-

tation model fits quite well when we keep in mind that:

(i) the data comes from three separate experiments and

(ii) during fructose metabolism, an unknown amount of

organic acids is produced causing the disappearance of

radioactivity to lag behind the consumption of fructose

itself.

We remark that, in the uptake experiment, the total

consumption rate of fructose remained constant for one

to two generations after the addition of succinate to a

culture growing on fructose [20]. This can be explained

by an immediate and complete stop of the synthesis of

fructose degrading key enzymes. At the moment we have

not further investigated this immediate change in

enzyme synthesis, since the specific fructose consump-

tion rate in the uptake experiment was about 8 times

lower than in the corresponding growth experiment.

This means that the cells behaved differently in the

growth and uptake experiments, possibly due to the

harvesting and washing processes.
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Fig. 10. Model fit of growth of A. brasilense on fructose and

succinate after pre-culturing on succinate. The data come from

three separate experiments [20]: one measures [1,4-14C] succi-

nate in supernatant (m) and cells (n), one measures d–[U-14C]

fructose in supernatant (’) and cells (&), and another

measures growth (�). The dotted line indicates the model fit

of fructose consumption when the formation of radioactive

products from fructose is included (a=0.50, kd=0.1). One unit

of OD590 corresponds to 470mg dry wt/mL. Parameter values:

YA=80.6 g dry wt/mmol succinate, YB=90.6 g dry wt/mmol

fructose, rAmax=0.38h�1 [20], rBmax=0.22 h�1 [20],

KA=0.1mM (fixed), KB=10�4 mM (fixed), h=0.7,

pB/pA=0.8. Initial conditions: SA(0)=3.7mM succinate,

SB(0)=22mM fructose, X(0)=16.5 g dry wt/L,

kAð0Þ ¼ 0:80; kBð0Þ ¼ 0:20:
6. Discussion

The adaptation model presented in this article fits and

predicts data on diauxic growth well. At low dilution

rates, our model predicts that simultaneous consump-

tion of substrates takes place, whereas at high dilution

rates it predicts that only one substrate is consumed.

This is in agreement with the experimental observations.

Although we illustrated the use of our model with data

from diauxic batch experiments, the model can also be

used for continuous cultures. For an alternative

approach to modelling growth on mixtures in chemo-

stats we refer the reader to [17].

The approach presented in this article differs from

previous approaches, as cybernetic modelling (e.g.

[14,15]), on some important aspects, which are discussed

below.

The description of the adaptation process was

obtained by assuming a general regulatory mechanism

where the presence of one nutrient can inhibit the

utilization of another. This approach has the advantage

that it is species independent and parameter sparse. In

its simplest version, it describes the adaptation process

during diauxic growth with only two parameters: kAð0Þ
and pA. A single parameter pA describes substrate

preference during diauxic growth.

In the case of adaptation to a single nutrient, our

model predicts a constant maximum key-enzyme level.

Thus, the maximum specific consumption rate is always

a constant, irrespective of enzyme decay and substrate

concentration. Our model differs in this aspect from

other adaptation models. Such a constant maximum

rate is the basis of most growth models (Monod, Pirt,

Droop, DEB [9]). Moreover, it is difficult to know

beforehand whether key enzymes for a certain substrate

are inducible. Therefore, the application of models for

adaptation that do not assume this maximum specific

consumption rate to be constant (e.g. [14,16]) is

problematic in the situation where growth on a single

substrate is quantified. The level of key enzyme and,

therefore, the maximum specific consumption rate

remains a function of substrate concentration in these

models. If a Monod model has successfully been applied

to single-substrate situations, but later research reveals

that key enzymes are inducible, this implies that earlier

work must be redone. Contrary to other adaptation

models known to us [14–16], our adaptation model does

not suffer from this problem even when enzyme decay

occurs. If enzyme decay does not take place, the other

models also simplify to a Monod model, since the

relative enzyme level (e/emax) is then independent of the

substrate concentration. For a single substrate situation

the current adaptation model simplifies exactly to the

growth model for cells in steady state. During steady-

state growth on a single substrate, the influence of the

adaptation process on substrate consumption is absent.
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Furthermore, we did not introduce optimal control

into the adaptation model a priori; bacteria may

optimize total biomass, or growth rate [2,15], or possibly

something else. No introduction of optimal control

implies that we do not use this method to reduce the

number of parameters, as has been done in the

cybernetic approaches [14,15]. However, optimal control

can be incorporated into the model. The binding

probabilities (see p.3, Section 2.1), for example, can be

a function of an optimal control regime.

We point out that this adaptation model primarily

describes slow adaptation taking several cell cycles. It is

based on the regulation of the synthesis of key enzymes.

When a microorganism adapted to substrate A, is

transferred to another substrate, the key enzymes for

the use of A can be inhibited. This inhibition typically

occurs in a time frame of seconds, and can be called fast

adaptation. It can be included in this model with, for

example, an expression for instantaneous inhibition (see

Appendix).

We developed a slow adaptation model based on the

interaction and inhibition of substrates during enzyme

synthesis. The model was applied to data from diauxic

growth experiments, but can be applied to growth on

more than two substrates as well. Moreover, it can be

extended to account for different processes as enzyme

inhibition and can even be used with optimal control

without altering the structure of the model.
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Appendix A

A.1. Adaptation with the DEB model

Our adaptation model can be combined with different

biomass growth models. In this article we showed how

our adaptation model can be applied in combination

with the Monod model. Another biomass growth model

that can be used is the dynamic energy budget (DEB)

model [9], which accounts for reserve dynamics. The

main feature of this model is that substrates are

assimilated into reserves from which growth costs and

maintenance costs are paid. Since in the DEB model,

biomass is divided into two compartments, structure and

reserves, the biomass composition becomes a function of

the growth rate, as has been observed in practice. When
the maintenance is negligible and reserve turnover is

very fast, the DEB model simplifies to the Monod

model. For a thorough introduction to the DEB model

we refer the reader to [9,21]. In batch reactors, the DEB

biomass growth model in combination with our

adaptation model (Eq. (3) or Eq. (4)) results in the

following equations:

r ¼
kEmE � kMyEV

mE þ yEV
; ðA:1aÞ

d

dt
mE ¼

X
i

jim
ki

kmaxi

yESi

Si

Ki þ Si

� kEmE ; ðA:1bÞ

W ðtÞ ¼ wVX þ wEmEX : ðA:1cÞ

The expression for the substrate consumption (Eq. (5))

also applies to the DEB model; jim is the maximum

structural-biomass specific consumption rate of sub-

strate i (C-mol C-mol�1 h�1). The growth of structural

biomass (X) is defined by Eqs. (6) and (A.1a). Here, the

reserve density of limiting nutrient, mE(C-mol/C-mol),

comes into play. The higher the reserve density, the

higher the growth rate. kE is the reserve turnover rate

(h�1) and yEV refers to the amount of reserves needed

per amount of structural biomass formed (C-mol/C-

mol). For simplicity, we assumed the costs for growth

(yEV) remain constant. This means that the costs for key-

enzyme synthesis for cells fully adapted to one substrate

are the same irrespective of the type of substrate.

Maintenance is introduced by the maintenance rate

coefficient, kM(h
�1). Reserves are replenished by sub-

strate consumption (Eq. A.1b). The efficiency of this

process is defined by yE #Si (C-mol/C-mol); the amount of

reserves formed per amount of substrate consumed. The

total weight (W) of the biomass equals the sum of the

weight of reserves and structural biomass (Eq. A.1c).

Please note that the Monod model is a special case of the

DEB model for kE-N and kM ¼ 0:
More information about the DEB research pro-

gramme can be found at http://www.bio.vu.nl/thb/deb/.

The adaptation model that is discussed in this article is

coded in the package DEBtool, which can be down-

loaded from the electronic DEB laboratory.

A.2. Fast adaptation

Fast adaptation, or repression of enzyme activity, can

also be modelled with bilateral binding inhibition

(Eq. (1)). In this case, not the synthesis machinery but

the enzyme activity is repressed. Substrate consumption

with instantaneous inhibition becomes

dSA

dt
¼ �jAm

j0AkB

j0AkB þ j0BkA þ kAkB

X

¼ �jAm
K�1

A SA

K�1
A SA þ K�1

BASB þ 1
X :

http://www.bio.vu.nl/thb/deb/
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The arrival flux j0A of substrate A at the carrier (or key

enzyme) is proportional to the substrate concentration

and equals aArASA; where rA is the binding probability.

The saturation constant KA is kA=ðaArAÞ: The influence
of substrate B on the consumption of A appears in the

denominator as K�1
BASB:
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