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Abstract

We will elaborate the evolutionary course of an ecosystem consisting of a population in a chemostat environment with periodically
fluctuating nutrient supply. The organisms that make up the population consist of structural biomass and energy storage compartments.
In a constant chemostat environment a species without energy storage always out-competes a species with energy reserves. This hinders
evolution of species with storage from those without storage. Using the adaptive dynamics approach for non-equilibrium ecological
systems we will show that in a fluctuating environment there are multiple stable evolutionary singular strategies (ss’s): one for a species
without, and one for a species with energy storage. The evolutionary end-point depends on the initial evolutionary state. We will
formulate the invasion fitness in terms of Floquet multipliers for the oscillating non-autonomous system. Bifurcation theory is used to
study points where due to evolutionary development by mutational steps, the long-term dynamics of the ecological system changes
qualitatively. To that end, at the ecological time scale, the trait value at which invasion of a mutant into a resident population becomes
possible can be calculated using numerical bifurcation analysis where the trait is used as the free parameter, because it is just a bifurcation
point. In a constant environment there is a unique stable equilibrium for one species following the “competitive exclusion” principle. In
contrast, due to the oscillatory dynamics on the ecological time scale two species may coexist. That is, non-equilibrium dynamics
enhances biodiversity. However, we will show that this coexistence is not stable on the evolutionary time scale and always one single

species survives.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Adaptive dynamics; Bifurcation analysis; Coevolution; Ecosystem dynamics; Energy storage; Periodically fluctuating environment

1. Introduction

Many species store energy extracted from food via
assimilation before they use it for growth and maintenance.
Droop (1973) introduced the concept of cell nutrient quota
(internal nutrient density) besides biomass in a model for
phytoplankton growth. In this model growth is decoupled
from nutrient uptake. It assumes that phytoplankton cells
store nutrient and that the growth rate depends on the
amount of stored nutrient. More recently models were
proposed where also two components in an organism are
distinguished. In Hallam et al. (1990) a model is described
where an organism consists of storage (lipids, the major
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source of energy) and a structural component (non-lipid
dry material consisting mostly of proteins and carbohy-
drates). The Dynamic Energy Budget (DEB) model Kooij-
man (2000), deals with storage materials (reserves) and
structural biomass. Here the storage materials are carbo-
hydrates and lipids but also a part of ribosomal rRNA and of
the proteins Kooijman (2000). The storage materials have a
dual function as a reserve pool for energy and elementary
compounds. All assimilates enter the reserve compartment.
The reserve energy is used for maintenance, growth and
reproduction. In Noonburg et al. (1998) this model is called
the net assimilation model and is compared to another DEB
model called net production model where maintenance is
payed from assimilates first and the rest enters the reserve
pool from which it is used for growth and reproduction.
The main issue discussed in this paper is the evolution of
energy storage. In Shertzer and Ellner (2002) this issue is
discussed for an ecosystem consisting of algae and rotifers.
The chemostat is kept in the dark and therefore the
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supplied algae are non-vital. To model the dynamics of the
rotifer population with two life stages, juveniles and adults,
a physiological structured population (partial differential
equation ppE) model based on a net production pEB model
was formulated. The model studied here is a simplified
version of the model described in Kooi and Kooijman
(1999) for a algae-rotifers system in the chemostat. The two
life stage of the rotifers are now embryonic and adult. The
adults do not grow but use all energy extracted from
assimilates for reproduction. Furthermore the egg devel-
opment time is assumed to be short. As a result the final
mathematical model becomes unstructured (set of coupled
ordinary differential equations (ODE’s)).

We use the adaptive dynamics approach (Metz et al.,
1996; Geritz et al., 1998, 1999) to determine the evolu-
tionary process by small mutational steps. The adaptive
trait under consideration is the maximum energy storage
size. We derive the invasion fitness using a stability analysis
of the resident population where the mutant population,
albeit with zero structural biomass, is taken into account,
as well as feedback via the nutrients. For periodically
fluctuating environments the invasion fitness is positive
when the magnitude of the dominant Floquet multiplier of
the system’s monodromy matrix evaluated at the periodic
solution is greater than 1 and negative when it is less than
1. We define the invasion rate s = log(y;) where g, is the
magnitude of the dominant Floquet multiplier evaluated at
the periodic solution of the resident system where the size
of the mutant population is zero (Metz et al., 1992). In
biological terms, it is the average of the invasion rate
during one cycle period. The Floquet multipliers are
calculated with bifurcation analysis packages such as
Locbif Khibnik et al. (1993) (the module called ““Periodic
solutions of non-autonomous time-periodic ODEs”) or
Auto (Doedel et al., 1997).

Invasion of the mutant leads to replacement of the
resident population or establishment besides the resident
population. In the latter case further analysis is needed of
the invasibility at the resulting dimorphic population.

The derived invasion gradients are substituted into the
canonical equations (Dieckmann and Law, 1996) that
describe the dynamics of the trait. This allows for
calculation of the evolutionary end-point.

In a constant environment a species that uses assimilates
directly for maintenance and growth out-competes a
species that stores these assimilates into a reserve pool
before using it for maintenance, growth and reproduction.
However, in a fluctuating environment, having an energy
storage can be beneficial in order to survive periods of food
deprivation.

With a highly periodically fluctuating algae supply, the
analysis reveals bi-stability of two monomorphic stable
(both convergence and evolutionary) ss’s; one with and the
other without an energy storage compartment. These two
ss’s are separated by an (both convergence and evolu-
tionary) unstable ss. So, on the evolutionary time scale
always one single species survives: it depends on the initial

conditions at which evolution ends in a convergence and
evolutionary stable ss. The unstable point hinders the
evolutionary step from a simpler species without storage
into a more complex species with storage.

The paper is organized as follows. In Section 2 the model
is formulated starting at the individual level and thereafter
at the population level. The model for organisms with and
without storage are derived as set of coupled opEs. At the
ecological time scale the size of the energy storage is
constant. In Section 3 it is subject to small mutational
changes at the evolutionary time scale. The invasion fitness
of a mutant population invading a resident population is
derived in Section 4 for a constant environment and
thereafter for a periodically fluctuating environment. The
evolutionary course is analysed in Section 5. In Section 6
the effects of the amplitude of the fluctuations of the
environment are studied.

2. Ecological time-scale equations

In the peB model (Kooijman, 2000) the organism is
partitioned (and consequently also the population) into
two compartments: structure and energy reserves. We
assume that three chemical transformation processes take
place in the individual; assimilation .o7, maintenance & and
growth and/or reproduction ¢ (Kooi and Hanegraaf, 2001)

of v Y,m

Xy —Xe+X4, Xg— Xp, XEﬁXV“FXG- (1)

Reserve material, X, is generated from the nutrient, Xy,
by the assimilation process. The energy stored in the
reserve materials is used in the maintenance process and
the growth and/or reproduction process whereby structural
material, Xy, is formed. Non-limiting nutrients are
consumed in these chemical processes and products are
formed. In the mathematical description they differ only in
sign. So, for each process, 2 € {.«/,Z,%}, we can combine
these materials and call them “products’. These combined
products are denoted by X4, Xp and X for the
assimilation (faeces), maintenance (e.g. oxygen consump-
tion and carbon dioxide production) and growth and/or
reproduction process, respectively.

There are two rate parameters v (the energy conduc-
tance), m (maintenance rate coefficient) and the parameter
g (the energy investment ratio), one for each of the three
processes, indicated in (1). When [ is the maximum
ingestion rate by which the nutrient is consumed by the
organism, then the rate v describes the conversion of
nutrient into reserve material (Kooi and Hanegraaf, 2001,

Eq. (12)),
1
V = ~47
”Xy/ﬂE[MEm]

where 1y, is the stoichiometric constant for the nutrient
mass flux into energy reserve flux and [i; is the chemical
potential of the reserves and [Mg,] is the maximum
reserves mass per structural mass which is assumed to be
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species specific. The brackets indicate that it is expressed
per structural mass. The energetic costs for maintenance
are proportional to the structural component while reserves
do not need to be maintained.

The parameter g describes the conversion of reserve
energy into structural biomass (Kooi and Hanegraaf, 2001,
Eq. (12)),

1

9=—"——"2, -

NyglelM En]
where 1,4, is the stoichiometric constant for the energy
reserve flux in to structural biomass flux. It is associated
with how much energy the synthesis of biomass costs.
These parameters are defined at the individual level but can
straightforwardly be used at the population level as
follows.

We consider algae consumed by a rotifer population in
the chemostat. The algae live in the dark, and therefore,
they are non-vital. The rotifers have two stages, an egg and
an adult stage. The adults do no grow and allocate all
energy extracted from the algae to reproduction. So, the
population growth rate is solely due to an increase in
biomass and energy reserves via newborns. Adults are
removed from the chemostat reactor with the dilution rate
D. With continuous reproduction the dynamics of the
rotifer population is described by a delay differential
equation (DDE) system where the egg development time is
the delay. In this paper we simplify this even further
assuming a negligible time delay: in other words, we assume
that the egg development is very fast and all energy available
for reproduction is immediately used for reproduction.
Consequently, all energy available for reproduction is
immediately also used for reproduction (see Kooi and
Kooijman, 1999). Then we obtain for the non-vital algae
population and the rotifer population the oDE system (4).

Let xo >0 be the concentration of algae. Let x; >0 be the
population structural (adult) biomass and 0<e; <1 the
scaled (with respect to a species specific maximum energy
density) energy reserves of the population in a chemostat.
The population model at the ecological time-scale reads

()

B (00— D — o, (4a)
©r ) — e, (4b)
D _ ey~ D 4

B (e~ Dy (40)

The time dependent concentration of algae in the inflow is
given by x,(7) = x,0(max(l + esin(2nt/Ty),0)) and T the
period of the excitation. The parameter D is the dilution
rate. The Holling type II functional response,

S(xo) =

X0
k + xo

)

describes the trophic interaction between the rotifers
and the algae. The per capita rotifer (population) growth

rate reads

ve; — mg 3mg

AM(er) = g ter’ gy =9+ (6)
where ¢ is the energy investment ratio and g, the cost of
reproducing an egg. The second term in the expression for
g, models additional costs associated with the maintenance
during egg development which still have to be payed by the
mother besides an amount of energy equal to her own
reserves. We implicitly assume that all rotifer individuals
have the same reserve energy density e;. This can be
justified as follows. Let two rotifer individuals have a
different energy density. Then it is easy to see that the oDE
(4b), which is linear in e, implies that this difference
becomes exponentially smaller with time, whereby the
decay rate is fixed by the specific-energy conductance v.
When v is large with respect to the population growth rate,
u, the differences for all individuals are negligible small
already during the individuals life time.

When ./#(e;)<0 energy already allocated to reproduc-
tion is used to pay maintenance costs (and we implicitly
assume that this energy can be retrieved with 100%
effective, Kooi and Hanegraaf, 2001).

Model (4) becomes the unstructured pEB model (Kooij-
man, 2000) used for a population which propagates by
binary fission when, in addition to no time delay, g, =g
holds. That is, the mother does not need to pay for the
maintenance during the egg development since there are
only adults in case of binary fission.

The ratio p =v/g = Iy /ny., is called the maximum
population growth rate. Generally y = u/I =1y /Ny, 18
called the efficiency (Ecology) or yield (Microbiology)
which is constant by definition.

In what follows we are also interested in a special case
where Jiz[M g,] — 0, in which limiting case the size of the
storage is zero. Then v — oo and g — oo while the ratio
v/g = p is finite. This means that the conversion from
nutrients into reserves, fixed by rate v, is a fast process with
respect to the growth and/or reproduction process which
are fixed by rate u. In quasi-steady-state, where f(xg) = ey,
(4b) becomes an algebraic equation and we obtain the two-
dimensional system

B _ (w0~ x)D — . (Ta)
da _ D 7b
B ) —m = Dy (7b)

Observe that the maximum growth rate is attained when
food is abundant f = ¢; = 1 and no maintenance costs are
paid, m = 0, while g> 1. This limiting case describes the
dynamics of a population without energy storage and
without maintenance costs.

This finalises the model formulation. In what follows we
will use nutrient instead of algae and population instead of
rotifers to stress that this model can be used for other
organisms as well.
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2.1. Dynamics of the ecosystem model

First, we consider a constant environment, ¢ = 0, where
the equilibrium is a point attractor. For system (4) we
obtain the stable equilibrium

. f(Xo)k

SR EEn) )

= _ (xr - X-O)D

=G (8b)
mg + D <g + 3;71_vg>

e =f(%) = (o)

v—D
In the limiting case where [ [Mpg,] — 0 we have in
equilibrium

() = ’”T” 9)

together with (8a) and (8b).

‘When the nutrient concentration x, in the inflow fluctuates,
the system is non-autonomous. By a numerical analysis we
found for all points in the environmental parameter space,
(x,, D), for system (4) with positive solutions that the
periodic solution with period equal to the excitation period
Ty is stable. A transcritical bifurcation for the periodic
solution forms the boundary for the region in the
parameter space where the periodic solution is strictly
positive.

Fig. 1 shows the two-parameter bifurcation diagram
with x, and D as bifurcation parameters. It shows two
transcritical bifurcations T'C for the reference values of the
parameters given in Table 1, one for a constant (¢ = 0) and
one for a fluctuating (¢ = 1) environment. Both curves are
almost the same.

0.16

0.12

[ 0.08

0.04 4} TC

0.0 T T T T
0 100 200 300 400 500

Xr0

Fig. 1. Two-parameter bifurcation diagram for the chemostat system with
x,0 and D as bifurcation parameters. All parameter values are given in
Table 1. The solid line is the transcritical bifurcation curve 7'C for the
equilibrium with ¢ = 0, that is constant nutrient supply. The dashed line is
the transcritical bifurcation curve 7'C for the periodic solution with ¢ = 1.
Except for a region close to the origin both transcritical bifurcation curves
are similar.

3. Evolutionary time-scale equations

In the ecological model all parameters are constant. To
study the evolutionary aspects of having a storage, we take
the size of the storage as an adaptive trait. As the size of the
storage we use the maximum reserves mass per structural
mass, that is, the trait denoted by /, is defined by

I = fig[M gm]- (10)

To study the system’s evolutionary dynamics, we study
whether a mutant with trait /,, may invade the resident
population that has trait /,. For this purpose we add two
equations to the system, corresponding to the mutant
biomass xj,, and mutant reserves ej,,.

dX()

7 (xr(1) = x0)D — If (x0)x1, — If (X0)X1m5 (11a)
delr _ I
dxlr _ uey —m
7 3m — D | xyp, (11¢)
1+ E‘i‘elr 77V{¢lr
delm U
— — e 11d

a " naln (f (x0) — e1m) (11d)
dxlm _ neym —m

a =\ 1 — D | xim. (1le)

4# 1m | Nyglm

The mutant population possesses the same parameter
values as the resident except for the trait /.

A time scale separation is assumed, such that a new
mutant occurs after the system is in the ecological
stationary solution of system (11). This solution is an
equilibrium for the autonomous system with ¢ =0 and a
periodic solution with period T for the non-autonomous
system.

In the case of non-equilibrium ecosystems an additional
assumption has to be made (Dieckmann and Law, 1996).
The extra requirement is that the mutant invasion is slow
with respect to the period. As a result mutant extinction or
fixation occurs only after many cycles.

The dynamics of the trait /, are described by the
canonical equation (Dieckmann and Law, 1996; Doebeli
and Dieckmann, 2000; Dercole, 2003; Dercole et al., 2003)

diy _ 05U, ln)
dt "ol ’

Im=Ir

(12)

where 7 is the time at the evolutionary time scale. The
function s that depends on the trait value of the resident
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Table 1

List of symbols and parameter values

Symbol Dimension Interpretation Value
D ! Dilution rate 0.00135
el — Storage energy density

f — Scaled functional response: f = xo/(k + xo)

4 — Energy investment ratio; g, = g + 3mg/v 0.025/1
I mm— ! Maximum ingestion rate 1.3

k my ! Saturation coefficient 100

v ! Specific-energy conductance 0.125/1
m ! Maintenance rate coefficient 0.25

/ em™! Trait value 0.71

t,T t Time: ecological, evolutionary time-scale

Ty t Excitation period 24

Xo mVy=! Algal density

X0 LPy! Mean algal density in the input 500

X1 my ! Structural volume density of rotifers

[M gn] mm™! Maximum mass reserves per structural mass

Ny me™! Flux nutrient mass per flux assimilation energy 10.4
Nyg me™! Flux biomass per flux energy for growth 40

u ! Maximum population growth rate

I em™! Chemical potential of reserves

The symbols in the column labeled ‘dimension’ stand for: ¢, time, e, energy, V, volume of reactor, m, biomass. Units are: mass densities in pg ml~! and rates

inh™'.

and mutant population is the invasion fitness. It will be
derived in the next section for a constant and periodic
environment as a growth rate of the mutant population.
The parameter x is the invasion rate coefficient and is
proportional to the frequency of the mutations and the size
of the mutational steps.

In the case of a monomorphic population there is one
resident and in the dimorphic case there are two residents.
In the dimorphic case a new mutant with trait values /,,
tries to invade two resident populations with trait values
l,i,i = 1,2. Then the evolutionary dynamics are described
by the canonical equations

dlri = asi(lrlalr%lm)

= KiX1y
dr ol,, ’

1,1121”'

(13)

where the parameter k; is the invasion rate coefficient of the
mutant via the progenitor resident with trait /,;. We assume
that the two mutation distributions (Dieckmann and Law,
1996) are independent. In both expressions (12) and (13)
the equilibrium structural biomass of the resident popula-
tion has to be replaced by the cycle average for non-
autonomous systems.

4. Derivation of the invasion fitness

Criteria for invasion of a mutant are derived: first
via a point attractor in the autonomous case and then
for a periodic solution attractor in the non-autonomous
case.

4.1. Constant environment

We consider a system consisting of the nutrient, the
resident population and the mutant population. The
dimension of the system consisting of one oDpE for the
nutrient and two opEs for each population, equals five. In
order to investigate invasion of a mutant, the stability of
the attractor on the boundary of the positive cone, where
the nutrient density and the biomass and energy density of
the resident population are positive, has to be considered as
part of the system where the biomass of the mutant is zero.
These attractors are stable with respect to the virgin three-
dimensional system where no mutant is taken into account,
only the nutrient and the resident population. The
technique to derive the invasion fitness of the mutant
population is based on the procedure worked out in Smith
and Waltman (1994) and Kooi et al. (1999) for invasion of
a top-predator into a food chain.

The stable equilibrium of ecosystem (11) with the mutant
population taken into account, is denoted by

Ey = (%o &, %1y Cim Tim)'s (14)

where X}, = 0 and &), = é), = f(Xo) given by Eq. (8c). At
the point of invasion, the mutant is identical to its
progenitor resident except for the trait /. The Jacobian
matrix evaluated at this equilibrium point has zero’s such
that the determinant possesses two linear factors associated
with the dynamics of the mutant population. From this we
can conclude directly that there are two eigenvalues in
addition to the three of the original system without mutant,
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which have multipliers inside the unit cycle by assumption
of the stability of that resulting system, namely —v//,,
which is always negative and

s(ly, lm)|lm=l, = M (&1m) — D. (15)

The zero-crossing of the latter expression .#(éy,,) — D
turns out to be the test-function for the transcritical
bifurcation, TC. In these points the growth rate of the
mutant population .#(é,,) equals just the depletion rate D.
When the growth rate .#(éy,,) is greater than the depletion
rate D the equilibrium E, becomes unstable. As a result the
mutant can invade. Hence the invasibility condition reads
M (&) >D.

Tilman (1982) discussed competition on the ecological
time scale between two species modelled by the Mono-
d-Herbert model in a chemostat with one nutrient. The so-
called Tilman R* rule says that the winner is the competitor
that produces the lowest concentration of the nutrient at
equilibrium in the absence of the competition. When (3)
and (10) are substituted in (8c) we can derive that in
equilibrium df (%9)/dl|;—o >0. We recall that in the limiting
case [ = 0 the two parameters m and g are infinite, but their
quotient v/g = u = Iy, /Ny, is finite. This, in combina-
tion with the fact that the functional response is mono-
tonously increasing, leads to the conclusion that X, is
minimal when / = 0. If our model follows the Tilman R*
rule, that is, the species without reserves should always win.
In order to show this we analyse the stability of the system
with a resident population without storage (/ = 0), in which
a mutant with storage (/>0) tries to invade. For all
mutants with />0 we have

W (Xm0 — m = A (f (%))l 1=o
= D>J(f(Zo)i>0
1 (Xo)|j—g —m

3m _ ’
1+ (E +f(x0))’7wl

(16)

Observe that for both growth rates the same equilibrium
f(Xo) is used since the resident population sets the
environment as a result of the fact that the mutant is
initially rare. We conclude that on the evolutionary time
scale, under constant conditions in the chemostat a species
without reserves is the evolutionary end-point. So, this
system follows the pessimisation principle: mutation and
natural selection leads to a deterioration of the environ-
mental condition (Mylius and Diekmann, 1995; Diekmann,
2004).

4.2. Periodic environment

Now, we derive the mutant invasion fitness in a
periodically fluctuating system. Numerical bifurcation
analysis showed that for the nutrient and resident
population the periodic orbit with period T is stable for
parameter values in the range of interest (see Fig. 1).

The stable periodic solution denoted by
Lo(t) = (o(t) &1,(0) %1,(2) &im(®) Zam(), (17)

will now be studied. The function &y,,() is the solution of
the linear ope (11d) with a periodic coefficient f(¢)

délm _ U
dt  Nygln

(F(Fo(D) — &1m), (18)

and a periodic boundary condition &,,(0) = &,,,(Ty). In
order to study invasion of the mutant population into the
resident population at Ly(f) we have X1,,(f)=0 and
élm(t) = élr(l)a te [Oa TO]

Let () now be a 3 x 3 continuous periodic Jacobian
matrix of period 7 and W(¢) the fundamental matrix of
y = J(t)y, where

Xo(1) — Xo(2)

e (1) —e(r) |. (19)
xlr(l) - ;Clr(t)

o) =

The 5 x 5 periodic Jacobian matrix denoted by _#(¢) reads

0 —If (1)
S(1) 0 0
() = ) 0 0 . (0)
00 —H @ —H 0
”Ierlm ﬂerlm
0 0 0 0 () — D

where f = f(X0), f/ = %(5(0) and for the instantaneous
actual growth rate of the mutant .#(t) = .#(é,,,(¢)). Then
with initial condition ®(0) = I and where

W)

elm(t) - élm(t) 5 (21)
le(t) - )?lm(t)

z(t) =

the fundamental matrix ®(z) of z = #(¢)z is given by

0 (0
() 0 n2(0)
0 0
o) = u n3
G G0 to ew(- ) 1400
NMygtm
0 0 0 exp([y(.# — D)dr)

(22)

All functions are evaluated along the periodic orbit L.
Any solution z(#) satisfies

2(To) = ©(T'0)z(0). (23)

In the region below the T'C curve in Fig. 1 the periodic
orbit of the nutrient and residents population system on the
periodic solution L is stable and there is one eigenvalue of
the matrix W(7T)) is equal to 1 and the other 2 eigenvalues
are inside the unit cycle. Expanding the determinant of the
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monodromy matrix ®(7T) evaluated at the cycle L

det(®(To) — uy 1) = det(¥(To) — 1)

__uTy
x (¢ Tvaln — puy)

To ~
« (efo * W0 di-ToyD ), (24)

we find that besides the three eigenvalues of W(7)) there
are two additional Floquet multipliers, eigenvalues of
uTy
nyglm

unit circle, and exp ( fOTO A(t)dt — T OD). When under

parameter variation this second multiplier u; crosses the
unit circle, the cycle Ly changes stability. The trait value
where the dominant Floquet multiplier equals one, yu; = 1,
indicates a transcritical bifurcation for the periodic
solution. Generally this means a change of the invasibility
of the resident population(s) by the mutant when the trait
value is varied. That is, the invasibility condition s =
log(u,) reads

d(Ty), namely exp(— ), which lies always inside the

TO -
Sy L)1 1y=i, = T(;I/O M (t)dt — D> 0. (25)

When p; =1 and consequently s =0, the mean growth
rate of mutant population equals just the depletion rate D.

5. Evolutionary course of the nutrient-population system

In this section we study the invasion of a mutant in a
monomorphic population. The reference parameter values
are given in Table 1. Because the nutrient inflow is periodic
an ecologically stable dimorphic population is possible.
Therefore, we also study the evolutionary stability of the
resulting dimorphic population.

5.1. Invasion of the monomorphic population

The pairwise invasibility plot (p1p) (Geritz et al., 1998) for
e = 11s given in Fig. 2. At the diagonal the mutant equals
the resident and the model for the nutrient, resident
population and mutant population has no unique solution.
That is each point on the diagonal is a structurally unstable
bifurcation point, that is, when the mutant possesses the
same trait value of as the resident their biomasses are not
fixed, only the sum of both biomasses in order to fulfil mass
conservation. A similar bifurcation point was found in
Kooi and Kooijman (2000) where the effects were studied
of predation of two prey populations competing for a
single nutrient in a chemostat environment.

The parameter space (/,,/,,) is divided in three different
regions: ‘+’-the mutant can invade and replaces the
resident, ‘—’-the mutant cannot invade and goes extinct,
‘++’-the mutant can invade but cannot replace the resident
which leads to coexistence (see Fig. 3). We calculated the
periodic solution biomasses of the resident and mutant
populations together with the nutrient in the chemostat of
ecosystem (11) using auto (Doedel et al., 1997) where /,, is

1.25 -
++
1 -
+
075 e
+
0.5 — _
TC
sst
0.25 ] o
' 4 TC*t
SSO
0 I I I I I
0 0.25 0.5 0.75 1 1.25

Fig. 2. Pairwise invasibility plot (Pip) Geritz et al. (1998)-plot: ‘+’-mutant
may invade and replace the resident, ‘—’-mutant cannot invade, ‘++’
mutant can invade but not replace the resident (mutual invasibility leading
to coexistence). There are two singular points ss~ and ss*. The origin ss° is
a population without energy storage, it is reachable and an evolutionary
end-point.

0
16 —

max xy,,
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Fig. 3. Maximum and minimum nutrient concentration x, and biomasses
x1 of resident and mutant as function of the traits /,, = [, — 0.3 for the
monomorphic resident population where ¢= 1. These curves were
calculated with Auto (Doedel et al., 1997). In region ¢ the resident with
I, persists while in regions a and e the mutant invades and replaces the
resident, so the trait value equals /,,. In b and d there is coexistence.

varied such that /, = [,, + 0.3. Fig. 3 shows the minimum
and maximum of these periodic solution biomasses. There
are five regions for the /,, value with different long-term
dynamics of the ecological system. In the regions a and e
the mutant persists and the resident population goes
extinct. In region ¢ the mutant population goes extinct
and the resident persists. There is coexistence in the regions
b and d. These regions are separated by transcritical
bifurcation points where the dominant multiplier equals 1.

These transcritical bifurcations form the boundaries of
the area of coexistence (aoc) in Fig. 2 denoted by TC*t and
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TC™ where both mutant and resident coexist with positive
biomass (see also Fig. 3). At these curves both the
maximum and minimum biomass during one period of
the resident or mutant population is zero and therefore
these curves are also zero contour lines. The transcritical
bifurcation curves meet in two points at the diagonal.
These points are singular strategies, ss’s, where the invasion
gradient is zero

0s(lr, Im)

ol =0

(26)

/m=lr

These points are equilibrium points of the canonical
equation (12).

Fig. 4 shows the invasion fitness of the mutant
population invading the resident population at the two
singular points ss~ and sst where the invasion gradient
vanishes. Both curves s(/, = [, 1,,) where /,, is varied, and
8(ly, Iy = I7) where I, is varied, are plotted.

In Geritz et al. (1998) cight different singular strategies
are distinguished based on the second derivatives at the
point. It appears that the slope of the non-trivial zero
contour line by a ss determines for the monomorthoc
population already the evolutionary dynamics in the
neighbourhood of the ss. Hence, the curves in Fig. 4 show
that ss~ (solid line) is evolutionary stable and ss* (dashed
line) is evolutionary unstable (compare Geritz et al., 1998,
Fig. 4 case (a) and (d)). When /7 is changed for its ss~-value
to its sst-value the invasion fitness curves change smoothly
for the solid curves into the dashed curves showing the
influence of the feedback via the nutrient dynamics. Similar
plots for point ss° shows that in this point the invasion
gradients are not zero, its a boundary optimum.

At point ss~ we have
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which means that ss~ 1is evolutionarily stable and
convergence stable, and therefore a continuously-stable
strategy css. At point ssT we have

%51y, L)
o

m

0s(lr, )

Gl <0

Im=lr Im=lr

azs(lr5 lm)
oL

62S(lra lm)

Gl =0

Im=ly Im=Iy

and therefore point sst is evolutionarily unstable and
convergence unstable.

5.2. Invasion of the dimorphic population

When the mutant does not replace the resident, but the
two coexist, a dimorphic resident population is formed. To
investigate the evolutionary fate of such a dimorphic
system, we study the situation where a mutant tries again
to invade it. The invasion fitness gradient given by
s(l1, L2, L) (25) is now derived for the stable periodic
solution of the seven-dimensional system

Lo(?) = (Xo(t) e1,1(t) F1,1(2) E1,2(8) F1,0(2) E1m(t) X1m(0)".
(27)

The evolutionary course is again described by (13).

The results are depicted in Fig. 5. In addition to the
transcritical bifurcation curves TCT and TC~, which form
the boundaries of the (Aoc) two curves appear where the
invasion gradient of the mutant invading the dimorphic
system vanishes

aS(lrla lr2: Zm)

ol =9,

lmzlri

i=1,2. (28)

2 2 These curves, denoted by Z~ and Z™, are zero-isoclines of
o°s(ly, In) o°s(l, 1) y
o © T ok >0, the canonical Eq. (13).
m N ly=l, N | In Fig. 6 the aoc of the two residents in the three-
o2 s(ly, 1) o2 s(ly 1) dimensional parameter space (/,1, /2, ;) is drawn. For each
T2 TR >0, pair (/,1,1,2) the biomasses and energy densities for the
o =iy moAly=Iy dimorphic population are fixed by the ecosystem dynamics,
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Fig. 4. The invasion fitness of a mutant invading the resident at the two singular strategies ss~ and ss™ where Wl Im=t,=1z = 0. On the left the fitness

S(Iy, Im)Il, = I} is shown for a range of mutants, on the right s(/,,1,,)|l,, = I} for a range of residents. The solid line is for singular strategy ss~ and the

dotted curve for ss*.
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Fig. 5. Bifurcation diagram for the dimorphic population. At the two
curves the invasion gradient is zero. The horizontal arrows of the invasion
cones are related to invasion of progenitor resident with trait value
l,1 (>1,7) and the vertical arrows with /., (</,1).

1.25

Fig. 6. Three-dimensional pip plot for the dimorphic resident population.
Evolutionary changes of the resident with trait /,; take place in the top
plane and those due to changes of the resident with trait /,, in the bottom
plane. The bullet and open circle on the diagonal indicate the singular
strategies of the monomorphic population. The circles on the transcritical
bifurcations mark evolutionary steady states. An evolutionary path can
leave the aoc via the parts of its boundary indicated by thick lines. At
these point the mutant replaces its progenitor resident population and at
the same time the non-progenitor resident goes extinct.

the solution of (11). These results X((¢),é,(¢), X1,(f) are
independent of /,, (the vertical axis in Fig. 6) since X1,,(f) = 0
and &;,,(¢) is calculated by solving the periodic opE (18)
where £(7) is fixed by (5) and %(?).

For one plane we have /,, =[,; where [, is free (for
invasion of a mutant of the progenitor resident with largest
trait value), and the other where /,, = /,, and [/, is free.

These two subdiagonal planes intersect at the diagonal line
l,, =1, =, to which the monomorphic dynamics are
restricted. The points /,; =/, = /,, where the invasion
gradient is zero, (26), indicated by filled and open circles
are again singular strategies for the monomorphic popula-
tion.

The arrows in Fig. 6 correspond to those in Fig. 5, and
indicate for each region the directions of the evolutionary
change, the so called ‘invasion cone’ (Matessi and Di
Pasquale, 1996). These evolutionary changes are explained
graphically in Figs. 7 and 8.

Now we derive the evolution course starting in the three
regions of the aoc separated by the isoclines Z* and the
boundary curves of the aoc formed by the TC*. In order to
study evolution close to the two singular strategy points of
the monomorphic population we consider invasion of the
dimorphic population for points in the neighbourhood of
these points where the two resident populations can
coexist. These two points are indicated by diamonds in
Fig. 5.

The invasion fitness of a mutant invading two coexisting
residents with [/, =0.85,/,, =0.55 (left) and [, =
0.55,1,, = 0.25 (right) is shown in Fig. 7. We recall that
for values of [,, the biomasses X;,;(f) and energy reserves
ei(t), i =1,2 are fixed by the stable periodic solution of
the ecological system (27). In the first point the curve of the
mutant’s invasion fitness in the dimorphic population is a
parabola as shown in Geritz et al. (1998, Fig. 2 case (c) and
Fig. 4 case (b)). For [,<l,<l,, invasion leads to
replacement of its progenitor resident by the mutant. For
l,<lq or l,,> [, the residents are uninvasible. Thus, there
is convergence toward the singular strategy ss—. Observe
that the direction of the arrows correspond to the direction
of the arrows of the invasion cones belonging to the point
studied close to diagonal in Fig. 5.

In the second point close to point ss* in Fig. 7 (right) for
1,1 <1, <, both residents are uninvasible. With /,, </, or
lw>1,2, however, invasion leads to replacement of its
progenitor resident by the mutant and we have disruptive
selection similar to Geritz et al. (1998, Fig. 4 case (e) and
Fig. 2 case (h)). That is, point ss* is evolutionarily and
convergence unstable.

Observe that in two intervals the dominant multiplier is
constant. In these regions multiplier other than the one
associated with the invasion of the mutant, the term

exp ( S yde — T0D> in (24), is dominant. This multi-

plier, a root of det(\Y(Ty) — u;I) in (24), is independent of
the trait value /,, and equals 1 when one of the resident
population has a trait value on the transcritical bifurcation
curve. As a result, close to the boundary of the aoc, the
bifurcation curves TC, the difference between the two largest
multipliers can be very small. This difference can be enlarged
by taking the average over many cycles (say 10 or 100)
instead of 1 cycle for the calculation of the invasion fitness.

Fig. 8 gives the invasion fitness s(/,, /2, /,) of a mutant
invading two coexisting resident in a third point in the trait
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Fig. 7. The invasion fitness of a mutant invading two coexisting resident with ¢ = 1 and /,; = 0.85,/,, = 0.55 (left) and /,; = 0.55,/,, = 0.25 (right). See
Fig. 5 for the position, indicated by the diamonds, of the points in the two-dimensional trait space.
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Fig. 8. The invasion fitness of a mutant invading two coexisting resident
withe =1,/,1 = 1.032128 and /,, = 0.271164. See Fig. 5 for the position of
the point in the two-dimensional trait space indicated by a star. At I;, =
0.531168 the system has one multiplier equal to 1. The top dashed line is
for a point on the Z*-curve: /,; = 1.086426,/,, = 0.374409 and the bottom
dashed line is for a point on the Z~-curve: /,; = 0.793414,1],, = 0.226464.

space, [, =0.271164 and /,; = 1.032128 in the region
bounded by the two isoclines Z* (see Fig. 5 where the point
is indicated by a star). At /;, = 0.531168 the invasion fitness
of the system is zero. For [,</,, invasion leads to
replacement of the resident with trait value /,,, for
o<l <[, the residents are uninvasible, for I, <1, <l
the mutant replaces the resident with trait value /,; and
finally for /,; <I,, the residents are uninvasible. For our
purpose only /,, values close to the resident trait values /,;
and /,, are important since we are interested in small
evolutionary steps. The arrows in Fig. 8 show that invasion
of both residents leads to replacement by a mutant with a
smaller trait value, and this explains the direction of the
arrows of the invasion cone in Fig. 5 for the point in the
region of the aoc bounded by the two isoclines Z* and
indicated by a star.

The curve of the mutant’s fitness in the dimorphic
population with traits /,; and /,, is not a parabola as shown
in Fig. 7 but like a cubic polynomial. This point is
degenerated since at this point ecosystem (11) has no
unique solution. For /,, </,, <[}, we have xi,,>0, x1,; >0
and x1, =0 but in the interval /7, <[, </, we have
X2 =0, x,1>0 and x;,,>0. The solution for xj,, =0
and x;, = 0 switches discontinuously at the critical point
[, = 0.531168. Similar to the monomorphic case where the
mutant trait value equals the resident trait value on the
diagonal in the pip plot, this point is structurally unstable,
that is, when a mutant possesses the same trait value as one
of the residents their biomasses are not fixed, only their
sum.

The invasion fitness of a mutant invading two coexisting
residents and [, = 1.086426, [, =0.374409 and
l,1 =0.793414, [, =0.226464 both on a zero fitness
gradient curve Z*, is also shown in Fig. 8. case we have
for the invasion gradient 0s(/},,/,,)/0l,, = 0. With [,,<[,»
invasion leads to replacement of the resident and for
l,» <1, the residents are uninvasible. In the second case also
the invasion gradient is also zero at the trait value of the
progenitor resident, but now for /,, = /,» there is replace-
ment of the resident with trait value /.

A convergence equilibrium of the dimorphic system is
given by an intersection point of the isoclines Z* and Z~
where both right-hand sides of the canonical equations (13)
are zero simultancously. Fig. 5 shows that there is no
intersection point and therefore there is no evolutionary
singular coalition (Metz et al., 1996; Geritz et al., 1997,
1998, 1999).

We now derive properties of the isoclines (where they
terminate). The curve Z~ (in the lower diagonal) termi-
nates on the curve 7C* where /,, is minimum, denoted in
Fig. 9 by ~~. This can be seen as follows. On that curve we
have xj,; = 0. Since, by assumption, the mutant popula-
tion is rare we also have x;, =0. For the progenitor
resident population we have x;,,>0. Hence, we have
l,, = I,; and also x;,; = x1,, = 0, and therefore with respect
to invasion of the progenitor resident population with trait
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Fig. 9. State space for the canonical equations (13) for the dimorphic
population. The solid circles (ss—, ss’) and open circle (ss™) on the
diagonal are evolutionary steady states for the monomorphic population
and the two open circles at the boundary of coexistence those for the
dimorphic population, the curve TC. The thick lines as part of the
boundary of the Aoc mark intervals where the evolutionary path can leave
that region. At those points only one resident population survives and the
system becomes monomorphic again. The horizontal lines indicate the
transition at which the resident with the largest trait value went extinct and
the vertical lines those with the smallest trait value.

l,» the other resident and the mutant are interchangeable.
Along the curve TC" we have s(/,1,/,2) = 0; one multiplier
of the monodromy matrix ®(7y) equals 1. Because the
determinant of the matrix can be written with two linear
factors in (24) we have also s(/;1, 1,2, ), =1, = 0. Since the
line tangent to TC™ is horizontal, at the point of interest we
have 0s(/,1, 1,2, 1) /011 Ly=im =0 and consequently at that
point also as(lrl,1,2,1,,1)/61,,1|,m:,r1 = 0. Fig. 6 shows that
this same ecological system point (/,1,/,2) is invasible by a
mutant with /,, =/, and therefore this point is not an
evolutionary singular point in the resident trait space.
The curve Z~ intersects the curve 7C™ also in a special
point. Namely at the point denoted by ss~~ in Fig. 9 where
the trait value /,; equals that of the point ss~. For in point
ss~~ on the curve TC~ we have xj,, = 0 and furthermore
s(1,1,1,2) = 0. Since the biomass xj,, is zero the structure of
the fundamental matrix ®(¢) for this nutrient—two-resident
five-dimensional system Xo(?), &,1(2), X1,1(¢), €1,2(¢), X1,2(2)
equals that of (22). Invasion of this system by a mutant
population extends the system to a seven-dimensional
system where the nutrient—two-resident five-dimensional
system becomes the W(z) submatrix. Thus the invasion rate
of the mutant population into the dimorphic system at point
ss~~ equals the invasion rate into the monomorphic system
at point ss~ for all trait values /,,. In point ss~ we have for
the invasion gradient for the monomorphic population

0s(ly1,1:2)/012] 1=l =0 where the second resident plays the
role of the mutant, and consequently for the dimorphic
population at point ss™~ also 65(1,,1,l,g,l,,,)/@l,nhmzlrl =0,
that is, its a point on the curve Z~.

Similar properties can be derived for Z* that terminates
on the curve TC™ where xj,, =0, namely at the point
where [, is maximum, denoted in Fig. 9 by ¢**. That is,
where the tangent to the 7C~ curve is vertical. Then
as(lrl ) 1r29 lm)/alr2|/,2=lm =0 leads to aS(lrl P 1r2, lm)/
Olly,=1,, = 0 at that point. On the other end, curve Z*
terminates on the curve T7C" where x;,; = 0 denoted by
ssTT, with trait /,» equal to that of the point ss*, that is
both points are on an horizontal line.

Evolutionary paths leave the Aoc via the parts of its
boundary indicated in Fig. 9 by thick lines. At these points
the mutant replaces its progenitor resident population and
at the same time the other resident goes extinct. Thereafter,
the diagram Fig. 2 for the monomorphic population is
valid. The point on the diagonal where evolution continues
depends on where the evolutionary path crosses the
boundary of aoc. The direction of the arrows in Fig. 9
indicating where on the diagonal evolution continues can
be derived from Fig. 3. When the path crosses the
boundary along the curve TC~ the resident with the
largest trait value remains and therefore the point on the
diagonal where the monomorphic population continues is
above the place of crossing. On the other hand when it
leaves the curve TCT the monomorphic population with
the smallest trait value survives and evolution continues in
a point on the diagonal to the left with respect to the point
of crossing (see Fig. 9). So, there can be convergence to the
stable ss~ or to ss where the remaining population looses
its storage at / = 0.

There is always convergence to the stable ss~ when the
evolutionary path leaves the Aoc via curve TC~ (a small
part close to ss~~ is not reachable). The curve TC™ is split
into two intervals. Between the monomorphic singular
strategy point ss~ and the evolutionary dimorphic singular
strategy point ss™, gives also convergence to ss~. Between
ssTt and ssT (part is not reachable) the evolutionary course
continues on the diagonal below point ss™ and therefore
leads to a monomorphic population without reserves.

We conclude that there is protected dimorphism, that is,
the resident and mutant population can invade each other
at the ecological time scale, but there is no evolutionarily
singular coalition at the evolutionary time scale. Therefore
depending on the initial evolutionary state there is
convergence to the monomorphic stable ss~ with />0 or
to the monomorphic strategy without energy storage ss°
where / = 0. These results agree with the classification of
the singular strategies given in Geritz et al. (1998) but also
hold for large mutational steps.

6. Effects of the amplitude of the forcing function

Now we take the amplitude of the forcing function, ¢, as
a bifurcation parameter. We recall that for ¢ = 0 the system
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is autonomous and no mutant population can coexist with
the resident population because of competitive exclusion.
The pip plots for ¢ = 0.867, 0.8653, 0.86 and 0.85258 are
given in Fig. 10.

With ¢ = 0.867 the plot shown in Fig. 11 resembles the
plot for e =1 shown in Fig. 5, now the two singular
strategies indicated by ss~ and ss™ are close to each other.
However, the evolutionary stability of ss~ has changed and
has become an evolutionarily branching point (EBp) Geritz
et al. (1998, Fig. 2 case (b)). Hence ss~ is still convergence
stable but not evolutionary stable (in Fig. 11 it is now
indicated by an open circle). As a result, disruptive
selection induces the difference in the trait values of the
two coexisting strategies to grow. Protected dimorphism
exists, however, in the Aoc on the left-hand side of the zero
invasion gradient curve Z~ adjacent to the two singular
points ss~ and ssT, the invasion gradients have the same
sign and all evolutionary paths leave the Aoc via a bottom
part of its boundary where a resident goes extinct.
Evolution stops at point ss°.

This pattern is similar to that found in Geritz et al.
(1999, Fig. 12). In Dercole (2003) evolutionary cycles
occur, but here the evolutionary path leaves the Aoc via the
lower boundary, the curve 7C~, where the resident with
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Fig. 11. Prp-plot with ¢ = 0.867: ‘+’-mutant can invade and replace the
resident, ‘—’-mutant cannot invade, ‘++’ mutant may invade but cannot
replace the resident (mutual invasibility resulting in coexistence).
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Fig. 10. Pip-plot with instead of ¢ = 1 :¢ = 0.867, ¢ = 0.8653 ¢ = 0.86 and ¢ = 0.85258: ‘+’-mutant may invade and replace the resident, ‘—’-mutant cannot
invade, ‘++’ mutant may invade but cannot replace the resident (mutual invasibility resulting in coexistence). At about ¢ = 0.8525 the isola’s disappear.
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the largest trait value goes extinct, and evolution continues
as a monomorphic species.

Comparing the bifurcation diagrams for ¢ = 0.867 with
e =1, reveals that at an intermediate value, point ss—
becomes unstable. This critical point is denoted by Z and
the value of the amplitude ¢,. At that point the boundary
of the aoc, the transcritical bifurcation curves intersects ss™
horizontally (7C") and vertically (TC~). Both zero
invasion gradient curves Z' and Z~ terminate at
ss~~ = ss~. Lowering ¢ at the critical point Z, both ss*t*
and ss~~ are on the same transcritical bifurcation curve
TC™T. Starting above Z~ evolution goes towards the
adjacent transcritical curve and the remaining mono-
morphic population possesses a trait value between ss*
and ss~ on the diagonal (see also Fig. 9), and evolution
continues as a monomorphic species.

Lowering ¢ further, for ¢ = ¢7 = 0.8653 the boundaries
of the aoc touch at the diagonal where the two points ss~
and ss* collide and disappear while the same holds for ss™~
and ss™" and the isocline curve Z*. This phenomenon
resembles what happens when a stable and unstable
periodic solution collide at the tangent or saddle-node
bifurcation point for a periodic solution of a nonlinear
autonomous dynamical system. Therefore, this critical
point is denoted by 7 (from “tangent” bifurcation).

For values of ¢ less than ¢ = ¢7 two isolated regions exist
where mutants could invade, leading to two coexisting
populations. These regions are, however, unreachable for
monomorphic residents by small mutational steps. Finally
for £<0.8525 the isola’s disappear.

We conclude that for all amplitudes ¢ the evolutionary
end-point is a monomorphic population. Fig. 12 is a one-
parameter bifurcation diagram with the amplitude as
bifurcation parameter. For ¢ = 1 the inflow of nutrient is
always positive, ¢ = 1 the minimum nutrient concentration
in the inflow during the cycle is precisely zero and for ¢> 1
the periodic inflow has a positive cut-off sinusoidal shape.

0.8 - ss”

0.6

0.4 - e

0.2 4

0

0.8 0.9 1 1.1 1.2

Fig. 12. Bifurcation diagram for the canonical equations with ¢ as free
parameter. There is bi-stability (ss~ and ss°) for e>¢,. For e<ey the
singular strategy ss° is the unique stable ss. At the tangent bifurcation
point 7 both ss** and ss~~ disappear simultaneously. Below 7'ss ss° is the
unique evolutionary end-point.

The trait value for the singular strategy points /; are
plotted as a function of ¢. For amplitudes smaller than the
bifurcation point Z where ss~ becomes convergence
unstable (e<ey) the end-point is a monomorphic popula-
tion without storage, point ss° where / = 0. Consequently,
a population without energy reserves, is the unique
evolutionary end-point. For values e¢>e¢y there is bi-
stability and the monomorphic end-point depends on the
evolutionary initial point /,(t = 0); there is convergence to
either ss* or ss°. We recall that by lowering ¢, the singular
strategy ss~ becomes evolutionary unstable while still
convergence stable, at a higher trait value of the tangent
bifurcation T where ss~ = sst at which point the system
looses convergence stability.

7. Discussion and conclusions

Shertzer and Ellner (2002) analysed a similar algae-
rotifer model in order to study evolution of energy storage.
Their model predicts that energy storage is a physiological
mechanism for the stabilization of population dynamics. In
this paper the periodic behaviour of the population
originates entirely from the external periodic forcing and
therefore these effects cannot be found. These differences
arise from the differences in reserve dynamics.

The dynamics of the energy reserves introduced in
Kooijman (2000) are based on physiological processes.
Their dynamics are described by an additional opE that
models first order kinetics, not in the amount of energy, but
in the energy density (which is the amount of energy
divided by the structural biomass). This is different from
reserves stored for later use via switches as a behavioural
response to changing nutrient availability, as is how
reserves are modeled by Shertzer and Ellner (2002).

Complexity is introduced here by the new first-order opE
for the dynamics of the energy density. Mathematically, a
singular perturbation technique justifies the smooth transi-
tion of system (7) into (11) when / | 0. Therefore no extra
parameters and switches are needed like in Shertzer and
Ellner (2002).

The result that for all points in the parameter space the
system has a periodic solution with period equal to the
forcing period, is expected for a single population (the
rotifer and non-vital algae) in the chemostat. In Kot et al.
(1992) and Gragnani and Rinaldi (1995) it is shown that
this does not hold true for food chains in a periodic
environment, in general.

Invasion criteria of mutants into resident populations
with periodic solutions that are due to external forcing, are
similar to those for invasion of resident populations with
periodic solutions when the resident species and the
nutrient are part of an ecosystem with a non-equilibrium
periodic attractor, as for example in Shertzer and Ellner
(2002).

In this paper the pip plot (Fig. 2) for the mutant
population that tries to invade the resident population in
the monomorphic population case is also considered a
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bifurcation diagram (Fig. 5) of two resident population of
the dimorphic population case and finally as the phase
plane diagram (Fig. 9) for the evolutionary system.
Observe that a complete bifurcation analysis including
the dimorphic case of which the results are presented in
Fig. 5 is not necessary when small mutational steps are
assumed. Then the classification presented in Geritz et al.
(1998) suffices to conclude that for the reference case with
¢ = 1, point ss~ is a continuously-stable strategy css. With
& = 0.867, point ss~ in Fig. 11 is an EBP and then even for
small mutational steps an analysis including the dimorphic
(and possibly polymorphic) case is required to follow the
evolutionary process after branching.

Although Fig. 12 looks like an ordinary bifurcation
diagram for continuous-time oDE-systems like the canoni-
cal equations, the bifurcation points are fixed by non-
classical test functions where the equilibrium or non-
equilibrium solutions of the ecological system play an
important role. When the trait value of the mutant
population equals that of a resident population, the
ecological system are structurally unstable where the
biomasses of the populations not fixed, only their sum.
Furthermore this bifurcation diagram shows, in agreement
with Geritz et al. (1999), that two independent stability
concepts are involved, that is, evolutionary stability (on the
right side of point Z) and convergence stability (on the
right side of point 7).

The resulting evolutionary dynamics and the dependence
of a bifurcation parameter are very similar to those
obtained in Geritz et al. (1999) of a seed size and seedling
competitive ability. The plant population consists of a
number of different plant types, each with its own seed size.
Their model is not a continuous-time (mathematically
described by a system of ODE’s), but a discrete-time model
(mathematically described by a system of difference
equations or a map). The equilibrium condition is that
the expected per capita number of established offspring is
equal to one for all types. Invasion fitness for the mutant is
the per capita number of their established offspring. In our
case the periodic solution is fixed by a boundary value
problem for the ope’s and the fitness is the mean (25)
growth rate of mutant population. We refer to Boldin
(2006) for a general description of biological invasion in
Ecology, Adaptive Dynamics and Epidemiology.

In order to perform a numerical bifurcation analysis we
have to make choices for the parameter values. We found
that the obtained results are robust for a certain range
around this parameter set. However, we cannot exclude the
possibility that for parameter values far from those used
here, the model predicts other evolutionary dynamics.

In a constant environment coexistence of two different
populations is impossible, a phenomenon referred to as
competitive exclusion which holds also for the model with
reserves as was shown above. In a series of papers
(Huisman and Weissing, 1999, 2001, 2002) it is shown that
non-equilibrium dynamics allow the coexistence of many
species on a few limiting resources and therefore may

provide a potential explanation for the biodiversity of
many communities. For our simple ecosystem, however,
the evolutionary end-point is again a monomorphic
population. This suggests that when evolutionary processes
are taken into account in the long run non-equilibrium
dynamics does not need to enhance biodiversity.
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