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Abstract

Cellular metabolites frequently have more than a single function in the cell. For example they
may be sources of energy as well as building blocks for several macromolecules. The relative
cellular needs for these different functions depend on environmental and intracellular factors. The
intermediary products of phosphorylation of pyruvate by mitochondria, for example, are used for
growth, while the released ATP is used for both growth and maintenance. Since maintenance has
priority over growth, and maintenance is proportional to a cell’s mass, a cell's need for ATP vs.
building blocks depends on the growth rate, and hence on substrate availability. We show how the
concept of Synthesising Units (SUs) in linear and cyclic pathways takes care of the correct variation
of the ATP/building block ratio in the context of the Dynamic Energy Budget (DEB) theory. This
canonly be achieved by an interaction between subsequent SUs in transferring metabolites. Apart
from this interaction we also needed an essential feature of the performance of the pathway in the
DEB context: the relative amount of enzymes varies with the growth rate in a special way. We solved
an important consistency problem between the DEB model at the whole-cell level and a model for
pathway dynamics. We observe that alternative whole-cell models, such as the Marr—Pirt model, that
keep the relative amount of enzymes constant, and hence independent of the growth rate, will have
problems in explaining how pathways can meet cells’ growth-dependent needs for building blocks
vs. ATP.
© 2004 Society for Mathematical Biology. Published by Elsevier Ltd. All rights reserved.

* Corresponding author.
E-mail addresseshas@bio.vu.nl (S.A.L.M. Kooijman), lee.segel@weizmann.ac.il (L.A. Segel).

0092-8240/$30 © 2004 Society for Mathatital Biology. Published by Elsevier Ltd. All rights reserved.
doi:10.1016/j.bulm.2004.06.003


http://www.elsevier.com/locate/ybulm

58 S.A.L.M. Kooijman, L.A. Segel / Bulletin of Mathematical Biology 67 (2005) 57—77

1. Introduction

Here we consider the problem of how to deal quantitatively with the dual function
of many cellular compounds: their use as source for energy as well as building blocks.
Because of this duality, the fate of metabolité®sld generally depend on the cellular
growth rate. To focus ideas, let us briefly discuss a specific example.

The nine transformations of the linear metabolic pathway of the tricarboxylic acid
(TCA) cycle amount to the oxidation of the acetyl group of acetyl-CoA teCO

C2H30-SCoA+ 3NAD* + FAD + GDP*~ + P2~ 4 2H,0 —
2CO; + 3NADH + FADH» + GTP*™ 4 2H' 4+ H-SCoA

The H-SCoA re-binds to pyruvate or fatty acid for the next cycle; the reduced coenzymes
NADH and FADH, are re-oxidised by dioxygen in a multi-step transformation. The
free energy is used to convert ADP and t8 ATP via a proton tadient across the
mitochondrial inner membrane, as is well known. What is usually less emphasised in
text books is that the intermediary metabolitegy(, citrate, succinate, fumarate, malate)
are also used as building blocks. So not all the pyruvate that is passed to mitochondria
should be combusted completely. Cells’ need for building blocks, relative to that for ATP,
depends on the growth rate, and hence on the rate of pyruvate allocation to mitochondria.
The six nonmembranebound enzymes of the TCA cycle are released from the gel-like
mitochondrial matrix by gentle ultrasonic vétion as a very large multi-protein complex
(Lodish et al., 200D This spatial organisation suggests interactions between the enzymes
that might be responsible for the regulation of the proper ATP/building blocks ratio.

We will avoid the use of the concept ‘concentration’. This strategy is basic to our
reasoning and motivated by the observations that the cell is spatially highly structured,
transport is rarely by diffusion (as implied by application of the law of mass action,
which is standard in chemical kinetics) andncentrations autorniaally become state
variables of the dynamic system of the cell, which complicates the comparison of models
having different state variables. Processesdna dredly linked to spatial structure, such
as channelling of product to neighbouring gne molecules and membrane—cytoplasm
interactions, or indirectly linked to spatial structure, such as allocation, are notoriously
difficult to address in classical enzyme kinetics.

Rather thanenzymes that follow the rules of classical enzyme kinetics, we use
Synthesising Units (SUs), which are generalised enzymes with two modifications in their
kinetics Kooijman, 1998 production rates are not formulated in terms of substrate
concentrations, but in terms of substrate arrival fluxes, and the dissociation of the
enzyme-substrate complex into free enzyme and substrate (without transformation) is
assumed to be negligibly smaK¢oijman, 1998. An SU thus converts a substrate arrival
flux into a flux of products and rejected substrateig.(3); we will take all fluxes to be
nonnegative.

We begin the body of the paper by first reformulating the dual function problem more
precisely in quantitative terms and place it in the context of the Dynamic Energy Budget
theory Kooijman, 2009. We then show how Synthesising Units can be used to model
cells’ regulatory functions for linear and cyclic pathways, and finally we set up a Metabolic
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Table 1
Table offrequently used symbols for variables

Symbol Dim Interpretation
t t Time
M; (C-)mol Mass of compound

mol i
m;, Structure-specific mass of compoundvj /My

mol V

moli .
Yi,js Yij W'J' Mol compound produced per mol compoundconsumed
Jij molit=1 Flux of compound associated with transformatign
. moli  _4 - .
i - Structure-specific flux of compoundJ; j /M
Ji,j mol vV p p i,j /My
. . moli  _4 . .
Ji, Ams Ji,K molV Struct-spec. max assim. and satur. flux, of compdund
nij - Chemcal coefficient for elemeritin compound]

- d

r t—1 Specific growth rate fostrudural mass:a In My
ke, ks t—1 Reserve turnover rate, spec. decay rate for compeund
Oi - Binding probability of compound — 1 toith SU
o - Handshaking parameter for thth SU
i - Fradion of theith SU that is unbound

Control Analysis for the situation where metabolites are used to synthesise enzymes that
transform these metabolites. Seable 1for a list of frequently used symbols.

2. Formal problem

Consider am-step linear metabolic pathway, as illustratedHig. 1, which ismediated
by enzymess, ..., S, with the followingith step:

Xic1 = Yxixi_1 Xi +Yrx (P withi =1,...,n. (1)

A molecule of intermediary metabolit¥j_; is transformed intoyx; x,_, molecules of
another intermediary metabolit&; and yp x; , molecules of product. (Alternatively,

the yield coefficientsyy are probabilities that a metabolite transforms respectively to the
next metabolite in the pathway or to the product.) Other substrate molecules might be
involved as well, but their availability is assumed to be such that they do not limit the
rate of transformation. The produBt might actually be composed of a set of (possibly
different) molecules, rather than a single molecule. Products are, therefore, taken to be
generalised compoundwhich are mixtures of chemical compounds such that the chemical
composition of the mixture deaot change. Without loss of generality we can identify the
last intermediary metabolitX,, with the last productP,. The sibstrate fluxJx, to the
pathway is given by a model for the whole cell and might vary (slowly) in time. If all
intermediary metabolites would follow the full pathway (which they generally do not),
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Fig. 1. The resources that are mobilised from the reserve by the catabolic flux are allocated to maintenance and
growth, i.e., increase in structure. When the resemesiy increases, the catabolic flux and the allocation to
growth increase, but not the allocation to maintenanggh(ipanel; widths of arrowsiicate the sizes of fluxes).

The flux of substrate to the enzymatic pathway is prédpoal to the catabolic flux. The mixture of products

and intermediary metabolites that are released from a linear pathway and allocated to maintenance (or growth)
is constant. This paper solves the problem of how the nonlinear dynamics of the pathway should be organised to
fulfil this complex task.

we have the overall transformation

n i—1
X0—>Zyp,x0P. with ypl)(o=yp|)(i_1l_[y)(j)(j_1 fori=2,...,n. (2)
i—1 j=1

We now condder the situation where some intermediary metabolites follow only part of
the pathway and step out of the transformation process at the various nodes of the pathway
and become available for two cellular furats: maintenance and growth of structure,
seeFig. 1 Cellular maintenance and growth require the intermediary metabo{jtesd
productsP; in possibly different relative amounts:

D YxioxuXi + Y YRLaxw P1 = X (3)
i i

Y YxixeXi + ) Yriaxe P = Xe (4)
i i

where Xy and Xg are taken to be generalised compounds that are involved in the
maintenance and growth process, respectively, and the yield coeffigiearts taken to
be stoichiometric constants (i.e., fixed constants whose values are constrained by mass
conservation)This latter requirement yields the important conclusion that all products
andintermediary metabolites that are released from the pathway depend linearly on the
growth rate To see tfs, note that the released material at growth rate zero is allocated
to maintenance. If more material is reledsthan is needed for amtenance, the extra
material is allocated to growth. If, for example, the growth rate is doubled, then twice
as much material per unit of time is needed §wowth, provided that structure does not
change in composition. Maintenance has priority over growth. Accordingly, the flux ratio
Ixs/Ixy depends on the fludl, in a very special way, as will be discussed below.

The problem now is that the mass balance at the whole-cell level forces us to assume
that the chemical composition of the mixturensetabolites and products that is allocated
to maintenance isanstant. The same applies to the mixture that is allocated to growth,
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while the composition of both mixtures will differ. This mass balance does not and
cannot account for leaks from a pathway, where leaks are defined to be fluxes that are
not associated to maintenance or growth (or any other process that the whole-cell model
specifies). What does this imply for the dynamics of the pathway? How is pathway kinetics
linked to cellular requirements for particular compounds? The cell has many pathways and
if each pathway produced compounds that areafiotated to maintenance or growth, any
model at the cellular level would be problematic, unless the cellular model incorporated
the details of the then (very large) set ofodels for all different pathways. Such a
complex model would hardly contribute to further insight concerning cellular metabolic
functions and would be highly impractical in most applications. Consequently, we here
discuss a consistency issue between a whole-cell model and model for the dynamics of a
pathway.

The cellular requirements can be expressed in the overall transformation

Xo = YxuxgXM + Yxgxo X6 (5)

where the variable stoiddmetric coefficientsf depend on the flux of substraig, to the
pathway. Both these coefficients and the flux must be specified by a model for the whole
cell, which we will now specify.

3. DEB theory

The one reserve—one structure model for V1-morphs (i.e., organisms that have a
suface area that is proportional to the volume of their structure during growth) is the
simplest nondegenerate model for a unicellldeganism in the context of the Dynamic
Energy Budget (DEB) theory. Classical models, such as those of Monod (no reserve, no
maintenance), Marr—Pirt [no resenRgnter and Marr (1968) Pirt (1965) and Dioop [no
maintenance,Droop (1973), are special cases of this simplest DEB model (Sig 2).
Resave and structure are assumed to be strongly homeostatic (i.e., they do not change in
composition) and are treated as two generalised compounds. Accordingly, a cells’ mass at
any time is partitioned intdg C-moles of eserve material antlly, C-moles of structural
material. A C-mole is the number of carbon atoms expressed as a multiple of Avogadro’s
number. The frequency of other chemical etans is expressed relative to carbon and
these relative frequencies are constant for generalised compounds; 1 mol glu6dSe
mol glucose, since glucose has six carbon atoms. NoticeMizatind My are the state
variables of theell; the DEB theory specifies how they change in time as a function of the
extracellular substrate concentratiof) and the amounts of products that are excreted.
Organisms are rarely V1-mphs in detail, but we here focus on unicellular creatures
(or cells in tissue cultures) that divide after doubling their structure; such organisms
approximate V1-morphs well for most applications. We will now specify all fluxes that
are involved. It will be convenient to use structure-specific flukes= J,/My for any
choice of compound.

The DEB model assumes that extra-cellular substkatis converted to reservg
in a process calledssimilation for an arrival fux of extracellular substratelx g, the
assimilated flux of substrate amounts dg o = fjx FmMyv with scaledfunctional
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Fig. 2. The DEB theorydelineates substraté, reerve, E, and strature, V. These pools are connected by a
substrate uptake fluxjx a (disapgarance of substrate), an assimilation fldix, o (appearance of reserve) and
acatabolic flux,Jg c (useof reserve), which is partitioned into a maintenance fligx, (eventuallyexcreted),
and a growth fluxJg g (reserve allocation to growth) anly g (appearance of structure). The circles indicate
Synthesising Units, which convert subséraito regrve, or reserve into structure.

responsef = (1+ jx,K/jx,,:)‘1 for some constant specific half-saturation fljxk .
The maximum specific uptake rajg rm is here taken to be constant, although it can be
subjected to adaptation processes across generaBossdt et al., 2008 The asimilation
rate of reserve iSge A = YexJx a. The erergy to drive the transformation from substrate
X to reseve X is extracted from substrabe and affects the value of the yield coefficient
YE x, which implies the existence of waste products in association with assimilation.

The reserve is mobilised for metabolism in a process caigdbolism The catabolic
flux follows from the dynamics of the reserve dengity = Mg/My, which turns
out to be%mE = je.a — kemg for specific assintation rate je A = Je o/My and
(constant) specific turnover rate of resekge This paticular kinetics follows from the
assumptions that the cell is weakly homeostatic (&, approaches a constant value
during the cell cycle if the extracellular substrate concentration remains constant), and that
the reserve dynamics is partitionable (i.e.,er@ges can be partitioned into fractions that
follow identical kinetics without affecting overall kinetics). SEeoijman (2000 p. 82)
for the derivation ad motivaion andKooijman et al. (2003for an evolutionary context.

The reservéMle = mg My changes because of the difference between the assimilation
and the catabolisrq%l Mg = Je,a — Jg,c. Thecatabolic flux is

Je.c = je.cMy = (ke —1)MEg (6)

where cells’ (variablespecific growth rate = jy ¢ = % In My accounts for the dilution
by growth.

The catabolic flux is allocated to maintenance and growth, where maintenance has
priority over growth. Maintenance comprises a variety of activities, such as the turnover
of compounds in the structure, maintenance of concentration gradients across membranes,
movement and transport. The maintenance rate is taken to be proportional to structure,

Jem = JE MMy (7)

where the specific niiatenane costjg v is taken to be constant. The fate of this flux is
eventally excretion in transformed (mineradid) form. The remaining catabolic flux is
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transformed to structure, so that

Jke=Jc—JEmM=Yevlve and

Keme — jem ®)
Mg + Yev

whereyye = 1/yev is the yield of structure on reserve am¢ + ygy represents the

costs for growth, which has a reserve and a structure paf€adijman (2000 p. 108)

The energy to drive the transformation from reseXeto structureXy is extracted from

reserve and affects the value of the yield coefficigny, which imdies the existence of

waste products in association with growth.

This completes the specification of the DEB model for our present purpose. We refer to
Kooijman (2000gnd its citations for tests against experimental data and proceed to work
outthe link between cells’ need for metabolites (as specified by the DEB model) and the
release of metabolites from the pathway (that will be specified later).

Jv.c =rMy withr =

3.1. Problem in DEB context

To male a clear ndadtional distinction between the two levels of organisation (pathway
and cell), we will mark all yield coefficients (i.e., mass—mass couplers) that link the levels
with o.

SubstrateX is released from the reserve as part of the catabolic flux, so

Ixg = YxoeJec  orforjx,=JIx/Mv  jx, = Yx,eliEcC- )
Generalised compouniy, participates in the maintenance flux, so

Ixm =YxyedEM  orforjxy = Jxy/Mv  jxy = Yx,elEM (10)
while generalised compoundg is used for building structure, so

Ixe = Yxgvdv.c  Orforjxg = Jxg /My xe = Yxgv- (11)

Compound Xg differs from the structureXy by the inclusion of compounds that are
used in the overhead of growth and Hbyat fact that more @#n one pathway will
deliver compounds that are used in growth. Qg x, = YmE/YXoE and yxgx, =
Yav/ (Yx e YEV), the varialte yield mefficients required inH) can now be expressed
in terms of DEB fluxes as

YxuXo = W YduXo and
MO Jx, 1+ Yevr/iem
J
Yxaxo = Xa YXg Xo (12)

Jxg T 1+ jem/(YEVD)

The enzymes that are involved in the metabolic pathway are, by definition, part of the
reserve and/or structure since these wamponents constitute the whole cell. So the
amount of theth enzymeMg, can be written as weighted sums of reserve and structure:

Ms = ngeMg + ngv My = (NngeMe + ngv)My with
_ JEM+TYEV

e (13)
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Fig. 3. The arrival F, for ‘feeding), rejection (R) and production P) fluxes for twoSynthesising Units that are
involved in a metabolic pathway. In a linear pathwayifet 1, .. ., nwe have thatlx; p = Jx; F-

where chemical indexjj specifies how much of is present in compoungl. The first
index,i, typically refers to a chemical element present in compourialt inthe situation
of a generalised compourjd it can also relate to a compound. The yield coefficignt
specifies how much of is formed per (C-)mol ofj in a trangormation. Bothn’s andy’s
are mol mott; n’s refer to chemical compositiong;s to transformation efficiencies. This
notation is standard in microbiology.

The costs for synthesis of the enzymes appear in the yield coefficients for assimilation
and growth:

yxE =1/YEX = VX + Y _NSEYXS (14)
i
YEV =Ygy + Zn3VYES- (15)
i

Turnover costs of enzymes that are part of the structure should be included in the specific
maintenance costs as

jem = jg.m +KsNsvYeg (16)

whereyg ¢ = Yeg if no reserve components are saved from the decomposition of enzyme
S; gererally we havey’,‘;S < Yes. The turrover of enymes that are part of the reserve
is implied by the resee turnover. If botthge > 0 andngy > 0, we must have that
ks = ke to avoid a distinction between enzyme lexules that are part of the reserve and
of the gructure.

Notice that the intermediary metabolites of the metabolic path%ayjon't appear in
the reserve or structure; strict consistency requires that their amounts are negligibly small,
and no need exists to evaluate their concentrations in the highly spatially structured internal
environment of the cell. The maintenance compoiig will be excreted in one form
or another, just like part of the growth compouKd, while anoter part of Xg will be
included in the structur&Xy. This completes the placemaof our dual function problem
in the context ofthe DEB theory for we now have defined and related the various fluxes at
the cellular level that specify the fluxasd the variable yield coefficients iB)(

4. Fluxesthrough linear pathways

We now specify the fluxes through the linear metabolic pathway as a function of
the arival flux of substrate to the pathway, including the branches of rejected fluxes
of intermediary metabolites and product#tfe reed interaction between SUs in the
pathway, because without interaction, sonterimediate metabolitedeays escape further
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transformation, while the ceinight not need them for maintenance or growth. For this
purpose we introduce— 1 handshaking parametess, 0 < o < 1, that affect the release
of product and the binding of substrate betweeniSihdi + 1. The unbound fraction
of theith SU changeswgh that if the handshaking parametgr= 0, the handshaking is
openand the SUs operate independentlyif= 1, however, the handshakingdtosed
and no intermediary metabolite§ are released if the binding probabilipy = 1; an
SU only releases its product if the receivingigigbour SU is inthe binding state. This
coordinates the activities of all the SUs in the pathway and quantifies the distributed release
of products and intermediary metdibes. If the handshaking parameteris set to zero,
all control is ‘bottom up’ because the SUs dot interact and the behaviour of the whole
follows (in complex ways) from the behavioaf the units. If the handshaking parameters
are increased, the control becomes increasingly ‘top down'Sejel (2001)since the
behaviour of the whole feeds back to the behaviour of the units. If the handshaking is
closed for all SUs in the pathway, = 1 fori =1,...,n—1, and bindingis suregj = 1
fori = 1,...,n, then he full pathway acts as if it is just a single SU (g&ependix A
and all metaboliteXg that are processed are transformed into products. The behaviour of
the units is then fully controliéby thebehaviour of the whole.

We use aime scale argument to derive the arrivld)( rejection R) and production
(P) fluxes of intermediary metabolites in terms of the steady state binding fractions of the
SUs. (We usé- for ‘feeding’ to indicate arrival rate® avoid confusion with assimilation,
which we also need; when a metabolite flux is ‘fed’ to an SU, it does not mean that all
will be ‘eaten’.) All intermediary metaboliteX; that are produced by thi¢h SUs,arrive
at thei + 1th SUs, salx, F = Jx;,p. TheAppendix Agives the derivation of the pathway

kinetics, which amountsfar= 1, ..., n—1to the following changes of unbound fractions,
6;, of SUs:

d

aei =1 -ai(1—06i11) — )k — (6 +ai—1(1—6)))pi Ix;_1,F/Ms (17)

d

aen = (1 —6n)kn — (Bn + an—1(1 — 6n)) pnIx,_1,F/Ms,. (18)

Setting the change in the fraction$y) and (L8) equal to zero, we obtain for the unbound
fractions of thdth SUs at steady state (denoted®ws
o = (1 —ai + a6 ki —ai—10i Ix;_y,F/Ms
ki + (1 — ai-1)0i Ix;_1.F /Mg
. kn — Oln—lanXn_l,F/MSn
N kn + 1- O5n—1),0ns]xn,1,F/MSq

where the erival flux Jx,,r of substrate to the pathway is given. Since iS&xigs in Mg
copies, and produces; x; _, intermediary metaboliteX; from each molecule&;_1, the
production fluxes are

Ixi.p = (L —0ai(1—6i+1) — 0)kiyx;, x;_, Mg fori=1,...,n—-1 (21)
Ixn.p = (1 — Qn)knyxn,xnfll\/lsq. (22)

The set of Egs.19)—(22) determine the unbound fractioisand arrival ratedy; ¢ for all
SUs. Since massoservation implies that the rejection fluxes equal the difference between

fori=1,...,n—1 (19)

oy (20)
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the arrived and the processed fluxes, the rejection fluxes are

Ixi,R = Ix,P(L— (Bi+1+ & (1 = 6i+1))pi+1) (23)
:‘]Xi,P_‘]Xi+1,P/yXi+lin fori :O,...,n—l (24)
Ixo.R= JX,.P- (25)
Note that, ifei = pi = 1, no rejection ofX;,i = 0,...,n— 1, occurs, salx, r = 0.

This is how closed handshaking is constagt A nice poperty of this construction is

that more than once a particular enzyme turns out to be a consortium of several smaller
ones. As long as the members of the consortium pass metabolites by direct channelling
(i.e., the enzyme—product complex does not release the product molecule into the liquid
environment, but the molecule is directly bound to a neighbouring enzyme molecule in a
enzyme—substrate complex), such a discovery has no consequence for the pathway model.
Constraints apply to parameter values; the handshaking parameters restrict the maximum
flux that canbe processed. With an open handshaking protocol all excess flux is simply
rejected, but that possibility becomes increasingly restricted by gradually closing the
handshaking. The physical imgsbility to allocate more than can be processed leads to
unbound fractions outside the interval (0, 1). Any choice of parameter values should be
tested for its validity.

This completes the model specification of cells’ regulatory functions in terms of the
handshaking and the binding parameteise Tluxes and bound fractions can be obtained
analytically forn = 2, but you don’t want to see the rdsu he result is of little relevance
for our purpose, fortunately, because the DEBdel already specifies the fluxes. Our
interest is in the implied constraints; the next section shows that these can be obtained
without explicitly solving for the fluxes.

5. Matching the pathway and the DEB model

In Section 3.1we specified the fla of substrate to the pathway), and the (variable)
yield coefficients 12), the maintenance flux7f and the grath flux (8), which tbgether
guantify the transformatioat the c#ular level (5). In Section 4ve specified how the fluxes
of substrates for maintenance and grovizh){(25) as retased by the pathway depend on
the fluxof substrate to the pathway. Now we are ready for the core of this paper: How does
the pathway model for metabolites link withe DEB model for the cell under the various
growth conditions? The cell will experience a varying concentration of substrate in the
environment, which results in a varying reserve density, and hence a varying allocation to
growth. Can we avoid leaks under all conditi@nse here use the link between two levels
of organisation to extract information aboutlseregulatory activities. This exercise will
reveal useful constraints on parameter values.

The specific flux of substratég to the pathway guals by Egs.g), (8) and Q)

iXo,F =NxoEJE,.Cc = NxoE(JE.M +TYEV) = Nx,E(KE —)ME
jE.M + KEYEV

26
1 yev/me (26)

=Ny



S.A.L.M. Kooijman, L.A. Segel / Bulletin of Mathematical Biology 67 (2005) 57-77 67

where the specific growth rateand the reserve densityg can vary in time. We now
equate the release of intermediary nbetites and products from the pathway to their
use by the cell. Given3), (4), (10) and (1), the specific required fluxes of intermediary
metabolites and products are,

ix.p=ir/Yrx = Yxelem +ygyr  fori=1...n (27)
With Y £ = YR xu Y £/YP X @NdYSy = YRixe Yy /YRX

Ixi,R=1x = YXEJEM + Yx;vI fori=0,....,.n-1 (28)
WIth Yx £ = Y X YXuE = Y5i.E — Yxias £/ YXii1. X
andyx,v = Yx X YV = Y5V — Yiiapv/YXii1 Xi-

The first equality sign inZ7), and in £8), is a consequence of the following considerations
for the links between the fluxes that are required by the cell and those released by the
pahway. The released intermediary metaboli¥d¢si = 0,...,n — 1, are the rejected
fluxes Jx; r; the released produc®,i = 1,...,n, are linked to the production fluxes
of the metabolites one step earlier. Since both intermediate metaipléaad product?,
are stoichiometrically linked tdX;_1, product P, is linked to X; with yield coefficient
YR X = YRXi_1/YXiXi1-

We must have thajx, p > jx; r for all growth ratesr, whichimplies from @7) and
(28) thatyp xy > YR x Yxi xw andypxg > YR X; YXi Xo-

5.1. Are fluxes of substrates for growth proportional to the growth rate?

If primes denote diffenatiation with respect to the specific growth ratethelinearity
of all production and rejection rates iirtranslates intgy, r = 0 andjy, , = 0. Double
differertiation of (19)—(25) with respect tor resuts in the following relatlonshlps for
ixip = Ix;p/My, andmg = Mg /My = ngemg + ngy and scaled reserve density

Mg = i, K:?EV
0=6/jx,sp +26{j%,_,p fori=1....n (29)
0= (e 9{;1 - Gi”)msl + 2( ‘9i/+1 - ei/)m/s + A —ai(1-6i;1) — 6 )m/é (30)
fori=1,...,n—1.
Consequentlyme = % andmg = 2 EmE It follows from condition R9) that6,

must be a linear fractional function Dfl e.,0i = (C1i —Cir)/jx;,p for appropriate values
of c1i andcyi. After substitution of 26)—(28), the n relationships Z1) and @2) can be
rewritten asn equations of the type & Z?zo Cij m{E, which only holds for all possible
values ofme if ¢j = 0 for all 5n coefficientscjj . Further analysis shows that this cannot
be true if the relative needs for metaboliteslgoroducts differ between maintenance and
growth. Thus our requirement of exact linearityricannot be achieved. However, as will
now be shown, this requirement can ‘almost’ be attained.

Numerical studies of1(9)—(22) reveal that given values fd andngg, andngy, the
values fore; andp; can be chosen such that, p and jx; r are almost perfectly linear
in the specific growth rate fori = 1,...,n. The best goodness of fit depends on the
abundance parameters; fog g = 0, i.e., when the concentrations of enzyme are constant
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Fig. 4. The production and rejection fluxel; p andJyx;, r, and the fraction of unbound SU&,, as inctions

of the specific growth rate in a linear pathway of lengtm = 4. The numbers near the curves indicate the
position in the pathway, = 1, ..., 4. The handshaking and binding parameters are chosen such that the fluxes
are ‘almost’ linear inr (the amount of material required for growith proportional to the growth rate), which
makes the fraatins linear fractional functions in The linearity is tested by best-fitting linear functions which

are plotted as well. The goodness of fit is within thealution of the figure. The DEB parameters ygte/ = 1.2,

ke = 0.4 h1, jem = 0.02 i1, jeam = 0.8 h™1 and the substrate concentration for the pathway in the
reserve isix,g = 0.05.

Fixed pathvay parameters Pathway regulation and yield parameters
i 1 2 3 4 i 0 1 2 3 4
YxiXi_q 1 1 1 1 Qj 0.7349 0.6652 0.0001 0.2663
nsEe 0.032 0.032 0.032 0.032 p; 0.6741 0.9134 0.9556 0.9681

ngv 0.045 0.045 0.045 0.045 y;’iE 0.0500 0.0400 0.0368 0.0339 0.0311
ki (1) 0118 0.186 0.543 0.190 y;’iv 0.0600 0.0300 0.0240 0.0192 0.0153

yx;e 0.0100 0.0032 0.0029 0.0027 0.0311
yx;v 0.0300 0.0060 0.0048 0.0038 0.0154

and do not depend on the growth rate, the best fit is poor, indeed. The yield coefficients
y are in fact parameters at the whole-cell level and have been chogdg. 4, and the
abundances of all enzymes have been chosen equal ;se= nsg andngy = nsy for all
i. Thereason is that the channelling mechanism of substrate from one enzyme molecule to
another is then most simple. Another reason is to remove some of the parameters from the
system. The parametéor the maxmum specific assimilation rate only served to fix the
maximum specific growth rate; the plots show the full range.

Fig. 4 (left panel) shows that the production flux of substrXig which isreleased
from the reserve and fed to the pathway, islgtically linear in the growth rate. This is
because the fate of all mobilised reserve, including this substrate, is either maintenance or
growth. At growth rate zero, all compounds are used for maintenance. The DEB model
fully specifies the flux of substrat&y to the pathway and thpathway model does not
affect it. Intermediary metabolite 4 is prockd by the last type of SU in a linear pathway
of four types of SUs, and is passed to the cell (and used for maintenance or growth); it,
therefore, doesot show up in the second panel for rejected fluxes. The difference between
the produced and the rejected fluxes for all compounds is used for further processing in the
pathway. The last panel shows that the SUs of the first type are very busy (in processing
substrate 0), but the other types are much less busy with this parameter choice. Numerical
studies indicate that linearity of product andeeted intermediary metabolite fluxes is
more difficult to achieve for increasy degrees of busess of the SUs.
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Fig. 5. The problem we try to solve here is the same as that illustratEdyirl, but now for a cyclic pathway.
This is to study the robustness of the solution we foundHerallocation problem for maintenance and growth.

We clecked by simulating1(7) and (L8) that he pathway is stable for the parameter
valuesthat are shown for the fulange of growth rates; the speed of convergence to the
steady state increases with the specific growth rate. It also holds that, given values for
ki, i andp; the valies forngg, andngy, can be chosen such that, p and jx; r are
close to linear in the specific growth ratdori = 1,..., n. So dther the abundance or
the control parameters (bimdj and handshaking parameters) can be fixed, and the other
can be chosen such that linearity results approximately. The fit to linearity can be further
increased by tuning these four parametersianeously for all nodes independently. The
significance of this result is that if the reserve is omitted from the cell model, and/or no
enzyme is associated with resermg,ez = 0, production and rejection fluxes deviate from
linearity in the specific growth rate and thathway model does not match the cell model.
The Marr—Pirt model, for instance, which is a limiting case of the DEB model for vanishing
reserve, has a consistencyplem withthis pathway model. We believe that this result is
rather general, and applies to a large class of acceptable pathway models.

6. Fluxesthrough cyclic pathways

We can test the robustness of the matching of the pathway model with the DEB model
for the whole cell behaviour by studying a metabolic cycle, rather than a linear pathway,
where the compoun, is identical toXg and the last SUs follow a handshaking protocol
with the first SUs (se€ig. 5. Whena, denotes the handshaking parameter between SUs
numbem and 1 we have the following dynamics of the unbound fractions of the first and
last SU

d
ael =1 —a1(1—062) — 1)k — (61 + ao(1 — 01)) p1Ix0,F /Mg, +

— (01 + an(1 — 61)) p1Ix,,F/Ms, (31)
d

aen =1 —-an(1—61) —On)kn — On + an—1(1 — On)) on an,l,F/MSn- (32)
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Fig. 6. The production and rejection fluxelk; p andJyx; r, and the fraction of unbound SU§;, as unctions

of the specific growth rate in a cyclic pathway of lengtm = 4. The numbers near the curves indicate the
position in the pathwayi = 0, 1,..., 4. The handshakingy;, binding, pj, dissociation ki and abundance,
ng e andngy, paameters are chosen such that the fluxes best fitted the preset linear relationshipsitin
all enzymes are assumed to be equally abundant. So all yield parampetere preset, but those for rejection
follow from those for production. The linear relationghiare also shown, to check the goodness of fit, which is
almost within the graphical resolution. The DEB parametersygrg = 1.2, kg = 0.4 h™1, jey = 0.02 b1,
jEAm=0.8 h~1 and the substrate concentration for the pathway in the resenygjs = 0.05.

Pathway paameters Pathway regulation and yield parameters
i 1 2 3 4 i 0 1 2 3 4
yxixi_, 05 1 1 1 aj 0.5600 0.0018 0.0006 0.0015 0.2350
nsEe 0.065 0.065 0.065 0.065 p; 0.8100 0.8400 0.8500 0.9100

ngy  0.032 0.032 0.032 0.032 y§ ¢ 0.0500 0.0400 0.0368 0.0339 0.0311
k (™1 270 111 071 041 yk, 0.0600 0.0300 0.0240 0.0192 0.0154

yx;e 0.0011 0.0032 0.0029 0.0027
yx;v 0.0154 0.0060 0.0048 0.0038

The production flux of metabolit¥ and rejection flux fotXp are
Ixn.p = (L — an(1 - 61) — On)knMsg, Y X1 (33)
IXo.R = IXg,F + Iy, P — YXoX1IXy.P- (34)
The rejection flux 0fXg must again be linear in ehspecific growth rate , so that
YXoE = NX.E + y!?nE - yX0X1y)|21E (35)
Yxov = NX,EYEV + yinv - yXOXJ_y)l?]_V‘ (36)

Fig. 6 shows thenumerical results for the cyclic pathway; the setup of the figure is
similar to that for the linear pathwalig. 4 Numertal studies indicate that, compared to
linear pathways,he handshaking and binding parameters in cyclic pathways are easier to

tune such that the production and rejecting fluxes are (almost) linear in the specific growth

rate.

Linearity only seems possible, however, as long as most enzyme is in the unbound

state. Although the rejection fluxes are used to minimise the deviations from linearity in
the specific growth rate, the computatiorbotth the pathway and the linear fluxes is based

on the pathway and linear production fluxes, respectively, using mass conservation. Notice

that the yield parameteys, e andyx,v are lacking, becaus¢, is assumed to be identical
to Xp and the rejection flux 0Ky is included n that of Xp.
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The conclusion must be that the tuning between the pathway model and the whole-
cell model is not very sensitive to metabolic ‘details’ of the pathway. This suggests that,
probably, branching pathways could also be tuned to consistency with the DEB model for
the whole cell; we did not investige such pathways in much detail.

7. Cells design

In what might be called ‘the principle of parsimony’ one expects that the unbound
fractions of SUs are low, otherwise the cell is producing nonfunctional enzymes. These
fractions are linear fractional functions of the specific growth rate, which means that for
some value of the growth rate, the fractions are minimal, but this value for the growth rate
can differ among SUs. Parsimony is a much weaker criterion than optimality, and boils
down to the constraint that for each SU a valoethe specific growth rate must exist for
which the fraction of unbound SU is small. Again we have to rely on numerical analyses to
study how the bound fractions of SUs vary as a function of the growth rate. The numerical
study is compltated by the fact that it is easy to arrive at combinations of parameter values
that result in biologically nonvalid values for certain quantitigsand p; must bein the
interval (0, 1) for alli, all other parameters must be positive. Even if these conditions are
fulfilled, there can be specifigrowth rdes for which som#; become negative, which is
obviously invalid. As a consequence, the constraints on parameter values must be such
that this situation is avoided too. Since the values of@tisefollow implicitly from (19)
and @0), these constraints can only be tested geatively, after having selected a set of
parameter values.

Metabolic control theory is a powerful tool to analyse the relative control of design
quantities for fluxes of metabolites in steady staltéeinrich and Schuster, 1996n Fig. 7

. . . . _ _ NxgE 3in’p
we present thelimensionless (normalised) flux elasticity coefﬁme&ﬁs = TP Oixce
Nx e 8Jx: . . . -
andeR = 95 XR for all four nodes in a linear pathway as functions of the specific
Oi ‘]Xi»R dnon

growth rate, using the parameter values given in the legendsigof4. The rdative
abundance of substra¥ in reseve Xg, i.e., Nx,g, is proportional to the flux of substrate

Xo to the pathway for any value of the specific growth rate. The elasticity coefficients
for the production fluxes of the linear pathway are in the range of (0.5-1.0), and for the
rejedion fluxes in the range of (1.0-1.5). The elasticity coefficient for the rejection of
substrate 0 is vg high for low growth rates.

We can conclude that no simple relationship exists here between the values of the
elasticity coefficients and the transformation rdtess was observed in linear pathways
where all metabolites follow the full pathwayiéinrich and Schuster, 1996Moreover
the specific growth rate modiBahe reléionships substantially. Major differences between
our pahways and the ones studied in the literatuf@gser and Burns, 1978leinrich
and Rapoport, 19745arageau, 1976Pdssm et al., 1985 Hofmeyr, 1989 Heinrich and
Schuster, 199p are that in our case only a fraction of the metabolites follow the full
pahway and concentrations of intermediate metabolites do not accumulate. It thus appears
that the method is very sensitive for such ‘details’.
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Fig. 7. The elasticity coefficients for prodian (left) and rejection (right) fluxeslx; p, andJy;  r, with respect
to the abundance of substrate to the pathngye. The upper panels show a linear pathway, with parameters as

given inFig. 4 the lower pagls show a cyclic pathway, with parameters as giveRign 6. We takeago =1

A major fieldof application of metabolic control theory is in the evaluation of the effect
of a possible increase or decrease of a paldicenzyme on the performance of the whole
pathway. Staing from a combination oparameter values for which we have a match
between pathway performance and the celeds, a change in a concentration of enzyme
directly results in a mismatch. This illustrates that the application of control theory in the
present context is problematic.

8. Discussion

The problem of dual functions of metabobtend the coupling of the performance of
metabolic pathways and cellular needs is much wider then just for those in mitochondria.
It not only occurs in all organelles, such as plastids, but also, more abstractly, in all
metabolic modules that we might want to delineate in cells’ metabolic organisation.
The four main modules of the central metabolism in heterotrophic eukaryotes that
stepwise decompose carbohydrates (the pentose phosphate cycle, the glycolysis, the TCA
cycle and the e@spiratory chain) probably all ran in reversed mode in their prokaryotic
ewlutionary history for the purpose of synthesising intermediary metaboltesijtman
and Hengeveld, 2004The processing of carbohydrate is a function that evolved later,
when carbohydrates took a leadinga@hen the world became oxygenated.
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The focus of this paper is on the matching between models at two levels of organization,
the whole cell and a single metabolic pathyvavith an emphasis on mass balances. The
concept ‘generalised compound’ is hard to avoid for whole-cell models. Strict homeostasis
is required for the application of material aadergy balances in models that do not specify
all compounds dynamically. This means that the stoichiometry for both maintenance and
growth of structure must be fixed. The modelled products in the metabolic pathway are
not necessarily supposed to have a useful role in metabolism, such as reduced co-enzymes;
they can also comprise waste products, such as carbon dioxide. The products in our model
primarily serve to close the mass balance. We showed here that in a reasonable model
for pathway kinetics, a proper mixture between bottom-up and top-down regulation can
be such that all production and rejection fluxes are (almost) linear in the specific growth
rate. This is a necessary condition for allocation to maintenance and growth with fixed
stoichiometry, while avoidig leaks that are not part of these two fluxes. It also follows
that, if the stoichiometries for maintenancedagrowth differ, reserves are essential to
solve the stoichiometr problem of an allocation to maintenance vs. growth that depends
on the (variable) growth rate. In other words, the Marr—Pirt model, which has a fixed
stoichiometry for biomass and maintenance, implicitly assumes that the stoichiometry for
maintenance and growth are identical. TE®bvbusly not realiic; the implication can
be seen as the price we have to pay for appibiceof a simple model. Each application of
metabolic models has to finddloptimal balance betweemsplicity and realism; the DEB
modd allows for more metabolic flexibility, but is less simple.

This paper can be regarded as a first step in the study of how a cell allocates resources
in the face of changing multiple desiderata. Here we considered only two desiderata,
maintenance and growth. We imposed a very simple (but realistic) priority assignment
between maintenance and growth, that the first always takes precedence over the second.
Given this, we showed how metabolism could be organised to avoid leaks of metabolites.
Freedom remained, which we suggested could be employed to diminish the amount of
nonfunctional enzyme. It remains for the do¢ to confront more detailed questions in
resource allocation.

The chemicals required for the various cell functions are shifting functions of the cells’
environment and history. What are the criteria that cells use for resource allocation? We
suspect that the scientist can identify several such criteria, ‘multiple goals’ that overlap
and even contradict each other; Sagel (2001)or an illustration of this line of thinking
applied to the immune system amtbfmeyr and Cornish-Bowden (200®r a related
approach. Active and regulatory sites on enzymes can be regarded as sensors of information
on the internal déular environment; ligation of these sites modify cellular behaviour. Other
sen®rs modify behaviour as a result of testing conditions exterior to the cell.

An industrial chemical plant can try to arrange production of its numerous products
to maximise profits, subject to suitable constraints. The ‘boss’ of the plant can examine
market conditions, to determine policy. A tehn be regarded as acting to maximise its
fitness, but progress toward this overarching goal cannot be sensed by the cell and therefore
offers no clue to minute by minute behaviour. There is no ‘boss’ to say what to do, but
rather a network organization. Perhaps under stress the cell acts mainly to ‘put out fires’,
that is to skew its activities to raise the production of chemicals that are sensed to be in
dangerously short supply. This is just one suggestion that can be examined in a research
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program dedicated to the determination ofshmetabdism is organised to contend with
its multiple goals.

We here let maintenance be paid from mobilised reserves, which classifies the DEB
model as an assimilation model. A popular class of energy budget models for individual
organisms, however, the net production models, first subtract maintenance cost from the
assimilatory input, and apply allocation rules on the remaining flux for investment in
growth or reproduction; investment into reproduction is via a reserve pika &nd Nisbet,

1999. Thus, assimilation and net production models differ in allocation structure in a
fundamental way. Apart from problems withysag maintenance costs during starvation,

and the impossibility to base body size scaling relationships on net production models
(Kooijman, 2000 p. 365), this paper reveals another fundamental problem with net
production models: compatibility with a pathwmpodel. The problem is solved in the DEB
model that we use here by linking enzyme abundance to both reserve and structure, where
the relative amounts depend on the growth rate. This is not an option for net production
models. It might be very difficult, if not impossible, to make a net production model
compatible with a realistic pathway model.
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Appendix A. Derivation of pathway kinetics

We takeyyx; x;_, = 1 for simplicity. After an introduction of the behaviour of a single
Synthesising Unit (SU), we discuss closed and open handshaking, followed by mixtures
of these two extremes. Finally we discuss synthesis from two substrates, to model cyclic
pathways.

A.l. Chainoflengthr=1

For a gven flux Jx, F of substrate to théls, SUs, we have

. . d
Change in unbound fractlon'—tel = (1-61ky

d
—01019x,.F /Ms, (A.1)
Steady state unbound fractiof = (1 + p1Jx,. F (kiMs,) ™52 (A.2)
P1Ix0,F

Production flux:Jx, p = kiMs, (1 — 67) = (A.3)

1+ p1Jx, F(kiMg) 1
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A.2. Closed handshaking at all nodes

Closedhandshaking is defined as an interaction between subsequent SUs in a linear
pathway such that, given perfect binding, the product ofi S§Jdirectly pped to the SU
i + 1 for further processing. To find appropriate expressions for the dynamics of SUs
that have this property, we introduce (yet) unknown functibnsf the ;’s that specify
the appearance of unbound fractions. The dynamics of the last SU is simple, because the
release of product does not depend on the binding state of any other SU. The release rate
of product from the last SU-product complex is proportional to the bound fraction, so
by = (1 — 6h)kn. We now have

d

ael =b; — 0101Ix,,F /Mg, (A.4)

d .

aei =bi —bi_1Mg_, /Mg fori=2,...,n—-1 (A.5)

d

aen = (1 - en)kn - bn—l'VlSn,l/MSn (A-G)
P1I%0,F

Ixn.Pp = KnMs, (1 - 67) = (A7)

1+ p1dxo.F 2 (kjMg) =t
j

The latter follows from the idea thdk; Ma)*1 acts as a resistance, and that tlhkehain
should operate as if it is a single SU; compafe3) with (A.7). At steady stte, we have
bMg =b* ;Mg_;, sobjMs, = b} ;Mg _,. From @A.7) follows

J M
b = PLIx0 F/Ms (A.8)
14 p1dxe.F ) (kjMg))~1
=)
1
. (A.9)

0F =
L 14 padxer Y (kiMg) T
|

n—1
14 p1dxoF X (kjMg) ™t
or = = . (A.10)
14 p1dxe.F Y (kjMg))1
=1

We see that
p1dx0.F (kiMg) 1

n
14 p1dxe.F ) (kjMg))~1
=

* k
it1— 0 =

which suggests

bi = (Bi+1—0i)ki. (A.11)
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Substitution into A.4)—(A.6) gives

d

a91 = (02 — O1)k1 — 01p1Ix,.F/Ms, (A.12)

d .

a@ Bit+1 —0)ki — 6 —6i—1ki—1Msg_, /Mg fori=2,....n-1
(A.13)

d

aen 1- en)kn — (6h — en—l)kn—lMSn,l/MSn- (A-14)

For the purpose of mixing this dynamics with apeandshaking, we substitute the feeding
fluxes Ix, ., F = Jx,_,,p = (6i — 0i—1ki—_1Mg_, and allow for nonperfect binding
(0 < pi < 1). Moreover, we remové; in front of the flux of Xg that arrives to the

pathway to avil leaks of Xg. (This can be done because the open handshaking already

has this factor.) The result is

d

ael = (62 — 61)k1 — p1Ix0.F/Ms, (A.15)
d .

a@ Bi+1 — )k — pi Ix;,_,,F/Msg fori=2,...,n—1 (A.16)
d

aen (1—6n)kn — pnIx,_1.,F/Ms,. (A.17)

The steady state unbound fractions are

6 =1— Jx.F Z (kjMs;)~ 11_[,0k—1 IXo.F Z (kims;)™ 11_[,0k

j=n+1-i j=n+1-i

with ms; = Ms; /My andjx, F = Jx, F/My. The production fluxes are

i
Ix.p =kiMs (6,1 — 6) = Ixo.F [ | k.

A.3. Open handshaking at all nodes

Open hadshaking is defined as the lack of any interaction between subsequent SUs in

alinear pathway. We here simply have [cA.()]

d
aéﬂ (A —6)ki —6ipidx,_.,F/Ms fori=1,...,n (A.18)

= (1+ piIx_o.r(kiMg)™H ™ (A.19)
P Ixi_1.F
1+ pi Ix_y.F(kiMg)~1

Ix.p=kMg(1-06") = (A.20)
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A.4. General handshaking
We now combine the dynamics of EqsA.(5)—(A.17) and (A.18) linearly with n

handshaking parametersand arrive foi = 1,...,n—1at

d

aei =1 - o (1—6i1+1) — Ok

— (6 +ai—1(1 = 6)pi Ix;_1,F /Mg (A.21)

d

aen = (1 —6n)kn — (6n + an—1(1 — 6n)) pnIx,_1,F /Ms,. (A.22)
We can check that the system reduces to closed handshaking fer 1 andopen
handshaking foe; = O fori = 1,...,n — 1. The motivation for tk linear combination

of the two handshaking protocols is that a fractignof the SUsis following the open
handshaking protocol, and a fraction-lo; the closed one. Notice that controls the
flux from the cell to the pathway, while the othars only deal with the metabolite traffic
between SU andi + 1.
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