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Abstract

Herbivores may grow with nutrient or energy limitation, depending on food abundance
and the chemical composition of their food. We present a model that describes
herbivore growth as a continuous function of two limiting factors. This function uses the
synthesizing unit concept, has the hyperbolic Monod model as a limiting case, and has
the same number of parameters as the Monod model coupled to Liebig’s discontinuous
minimum rule. We use the model to explore nutrient-limited herbivore growth in a
closed system with algae, Daphnia and phosphorus as the limiting nutrient. Phosphorus
in algae may substantially influence Daphnia growth. This influence changes over time
and is most pronounced when algae and Daphnia populations fluctuate strongly. Relative
to classic models that only consider food quantity as a determinant of Daphnia growth,
our model shows richer dynamical behaviour. In addition to the standard positive
equilibrium, which may be stable or unstable depending on nutrient availability, a new
positive equilibrium may arise in our model when mortality rates are relatively high. This
equilibrium is unstable and reduces the likelihood of long-term persistence of Daphnia in
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INTRODUCTION

Plants and algae have highly variable nutrient contents.
Because new herbivore biomass is produced with a tightly
controlled elemental composition, a herbivore may experi-
ence energy or nutrient limitation depending on the
abundance and composition of its food. Recently, this
problem has attracted considerable attention from aquatic
and terrestrial ecologists, as it is believed that the elemental
composition of primary producers relative to the stoichi-
ometric requitements of herbivores undetlies major aspects
of community organization and dynamics (Andersen 1997,
Hessen 1997; Elser & Urabe 1999; Elser ef al. 2001). We
develop a new model describing herbivore growth with two
potentially limiting compounds and illustrate model beha-
viour for a system with Daphnia and phosphorus-limited
algae. Recent evidence shows that phosphorus-limited
Daphnia growth can be induced in laboratory cultures
(Urabe & Sterner 1996; Utrabe ef al. 1997; DeMott et al.
1998) and observed 7 sitn (DeMott & Gulati 1999; Elser
et al. 2001).

Traditionally, models describing the dynamics of plant
and herbivore populations use a single currency, usually

catbon, to describe the growth of herbivores (see, e.g.
Nisbet e al. 1991, and references therein). An implicit
assumption is that food quantity rather than its composition
influences herbivore growth. When food composition
becomes an issue, Liebig’s minimum rule is usually invoked
(Tilman 1982; Andersen 1997; Grover 1997; Loladze et al.
2000). The minimum rule asserts that only one compound
can be truly limiting at any particular time, with the
consequence that an organism may live in a bordetline
environment in which the limiting compound switches
continually. Having a switch in a model is mathematically
inconvenient and also implies that physiological regulation
systems are unduly taxed in borderline environments. Near
the switch, the minimum rule cannot describe growth
realistically and thus it would be advantageous to have an
equation describing growth as a continuous function of
multiple limiting factors.

Drawing on recent advances in biochemistry (Kooijman
1998, 2000), we present a model of synthesizing units with
which the effects of multiple limiting compounds can be
described. Synthesizing units are “servers” that handle a
potentially wide range of limiting compounds and form one
or more products. We first discuss and illustrate the qualities
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of a synthesizing unit by implementing the concept in the
simple Monod model (Monod 1950), which is also the
routine choice in previous models implementing the
minimum rule (see, e.g. Grover 1997). We then incorporate
the synthesizing unit concept in a model for aquatic
producers (algae) and consumers (Daphnia), with producers
growing according to Droop (1974) and consumers feeding
with a type II functional response. We explore the dynamics
of this system using a range of natural parameter values, and
identify conditions under which phosphorus in food may
strongly influence Daphnia growth.

SYNTHESIZING UNITS

A synthesizing unit converts substrates into products while
meeting the stoichiometric requitements for product for-
mation. An enzyme is an obvious example of a synthesizing
unit, but we have also in mind an abstract representation of
the biomass producing machinery in an organism, in which
“substrates” are components in food and the “product” is
biomass. It is this latter picture that we will use later in
modelling the biomass synthesis rate of Daphnia. In this
section we outline the theory of a synthesizing unit and
compare its dynamics to the Monod model with a minimum
rule.

A synthesizing unit can handle an arbitrarily large number
of substrates and products, but here we restrict ourselves to
two different substrates and one product, see Kooijman
(1998, 2000) for a more exhaustive presentation. We
consider a synthesizing unit with 7 binding sites for
substrate x; and 7, binding sites for substrate x,. The
synthesizing unit is said to be in its binding stage if one or
more of its binding sites ate empty; the production stage
starts with the occupation of all sites and ends with the
release of products. We assume that substrate particles
arrive at the binding sites of the synthesizing unit according
to a Poisson process, and that the binding sites operate
independently. The probability that an arriving substrate
particle attaches to a binding site suitable for that substrate
is constant, provided the site is empty (otherwise, the
binding probability is zero). If binding and production ate
irreversible events, and the production period is exponen-
tially distributed with mean ],; Uit can be shown that the
average rate at which the synthesizing units deliver product,
/, is approximately (Kooijman 1998, 2000)

1

. N —1
1ymym_ (L)
LR ( t )

/= (1)

in which /; and /, are the average rate at which the
synthesizing unit binds x; and x,, respectively. /, is the
maximum rate at which a synthesizing unit can deliver
product.
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When one of the substrate fluxes is very high, the
reciprocal of this flux and the term in parentheses in the
denominator is very small and consequently, Eq. (1) reduces
to a simple hyperbolic expression. Thus, Monod’s model
(Monod 1950), which has the same functional form as the
type II functional response, is a special case of the
synthesizing unit concept. However, rates in the Monod
model are usually expressed in terms of the substrate
concentration rather than its flux. If concentrations are
proportional to fluxes, the synthesizing unit concept
provides a modelling framework that is more general than
the Monod model. Later in this paper we use flux measures
in describing assimilation rates.

Monod’s model frequently setves as a framework for
Liebig’s minimum rule, which with two potentially limiting
compounds can be written as (Grover 1997):

J=min\ T TR | @)
o I dn S
where ‘min’ specifies that the production rate is the lower
value of the two ratios. In homogeneous environments,
concentrations may be substituted for the flux measures in 2;
then the conventional half saturation constants are propor-
tional to ./, and #,/,.

Figure 1 illustrates that production with synthesizing
units changes smoothly and continuously as the dominant
limiting factor changes. The lines almost parallel to the
axes in Figure la show convergence to classic Monod
dynamics as the flux of one compound increases; this
convergence is especially rapid when the flux of the most
limiting factor is relatively low. Thus, the range of
concentrations over which two compounds simultaneously
and substantially limit the production rate may be narrow.
Figure 1b shows that the synthesizing unit model nicely fits
data generated by the Monod model with minimum rule.
Thus, the credit that the minimum rule often gets due to
its excellent fits of experimental data (see, e.g. Droop 1974)
carries over to the synthesizing unit concept (however,
parameter values do not carry over and require re-estima-
tion).

In the context of synthesizing units, the previously
unambiguous term “the limiting factor” requires redefini-
tion, as any substrate, itrespective of its abundance, makes
some contribution to the production rate. However, one
substrate is likely to have a stronger limiting effect than the
other, and it is convenient to define a dominant limiting
substrate or most limiting compound. We say that
substrate x; is the dominant limiting substrate when
ﬂ1/j1 > nz/jz. Then, it takes more time for the synthes-
izing unit to bind the required number of copies of
substrate x; than to bind the required number of copies
substrate .
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Figure 1 Synthesizing units describe the dynamics of growth at multiple limitations with smooth transitions between limiting compounds,
while generally keeping a close match with Liebig’s minimum rule. The left panel shows how the contour of the per capita rate of biomass

synthesis changes as function of the assimilation flux of two growth limiting compounds: #; = 1, #, = 1.5, /,, = 1 and the contour interval is
0.1. The right panel shows least squares fits of the synthesizing unit model (broken line) to artificial data generated by Liebig’s minimum rule
(solid line). Parameters used for the minimum tule are 7, = 1.5 and /,, = 1, and in sequential order from bottom to top, 7, = 1, 7y = 2 and

ﬂ1:5.

PRODUCER AND CONSUMER DYNAMICS

We now consider a system containing a producer and a
consumer and assume that the system is closed for nutrients
and biomass. We assume that one nutrient always limits
producer growth and call this simply “the nutrient”; other
nutrients and light energy are assumed to be abundant. We
also assume that nutrient in dead biomass and faeces is
instantaneously remineralized, and that any free nuttient is
immediately taken up by the producer. Furthermore, we
assume a constant carbon to nutrient ratio in consumers,
although this ratio may vary slightly in practice (DeMott
et al. 1998).

For producers, we follow the distinction that Kooijman
makes between “structure” and “reserves” (Kooijman 1998)
and assume that the mass of producer consists of nutrient
reserves and structural biomass, each having a constant but
different chemical composition (the biomass composition of
producers may change as the amount of reserves relative to
structute changes). Ideally, this assumption on the elemental
ratios in reserves and structure should overlap substantially
with what is usually understood as reserves and structure,
but subtleties beyond the scope of this paper do exist, see
Nisbet ez al. (2000). Later we parameterize the model for a
system with Daphnia as the consumer, alga as the producer,

and phosphorus as the limiting nutrient. In this particular
system, algal phosphorus reserves can be operationally
defined as to be approximately equal to the phosphorus in
compounds that are relatively soluble and that are associated
with cytosol, whereas algal structure would contain the
remainder of phosphorus (but see Nisbet ez a/. 2000, for the
role of RNA, a compound relatively rich in phosphorus, in
structute and treserves). Thus, the system has three state
variables representing the structure of the producer, the
nutrient reserves of the producer and the biomass of the
consumer. Figure 2 illustrates this system with Daphnia as
the consumer, alga as the producer and phosphorus as the
limiting nutrient.

We assume that the producer grows according to Droop
(Droop 1974; Kooijman 2000), and that the specific feeding
rate of the consumer, j, follows a type II functional
response. The dynamics of the density of producer structure
X, (in C moles of biomass) are

Jpn%p

A X = (3)
a7 = Tpm<\p ”p_’_m //))(m /ﬁ—(Xp+K)7 B

where /,, is the maximum specific feeding rate, K the half
saturation constant of the consumer, 7,, the maximum
specific growth rate of producers, 7, the nutrient to carbon
ratio in producer structure, and = the producer nutrient
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Figure 2 Diagram of system with algae and Daphnia in which algae expetience a phosphorus limitation. Algae consist of structural biomass
and phosphorus reserves, each having a constant elemental composition (the phosphorus content of algae changes as the amount of reserves
relative to structure changes). Daphnia assimilates phosphorus and carbon from ingested algae to form biomass with constant elemental
composition. Both elements influence the biomass synthesis rate of Daphnia through synthesizing units (SU). Daphnia excretes the phos-
phorus that is not assimilated and that is released during the respiration of biomass for maintenance purposes. This phosphorus, plus the

phosphorus recycled instantaneously from Daphnia corpses, is immediately taken up by algae.

reserve density, defined as the total amount of nutrient in
the reserves per unit of producer structure. The quantity
n, + m is commonly referred to as the cell quota of the
producer, and 7, as the minimum cell quota. We assume that
all rates scale directly with biomass, and that consumers
have a per capita mortality rate, 4, that is independent of
their age. Then, b equals the specific rate at which biomass is
lost due to mortality (Nisbet ef a/. 1997). If the specific
consumer biomass synthesis rate 7, is some function of j,
and m to be specified later, then the dynamics of the
consumer density is

dx.
dz

= (i(jprm) — HX, (4)

Because the system is closed for nutrients and free nutrients
are instantaneously taken up by producers, the nutrient
reserve density follows from the balance equation:

No - [X’
MZM_% (5)

X
in which 7, is the nutrient to carbon ratio in consumer
structure, and NV, is the density of total nutrient in the
system.

Consumers assimilate nutrients and carbon from pro-
ducer structure and reserves, and we now assume that
synthesizing units describe the rate at which consumers
synthesize biomass. Nutrient reserves may contain little
carbon, for instance, when polyphosphates are a major
component of nutrient reserves. Thus, when phosphorus is
being studied, we can make the simplifying assumption
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that algal phosphorus reserves do not contain carbon.
However, if we want to model, for example, nitrogen-
limited growth in herbivores, we cannot make this
simplification. Producer structure, on the other hand,
always contains both nutrients and carbon. We assume that
the synthesizing unit does not discriminate between
producer structure and reserves with regard to the origin
of carbon and nutrients. We ignore subtle differences in
energetic overheads involved in assimilating carbon or
nutrients from producer structure and reserves, and
assume that the consumer assimilates the two elements
with a constant efficiency.

We have two choices for implementing maintenance. We
can either debit this expenditure from the assimilation fluxes
before biomass is formed, or add a loss term accounting for
the respiration of biomass for maintenance purposes. Both
options have conceptual problems, essentially due to the
fact we do not consider energy reserves in consumers (if
considered, energy reserves would allow for a variable
carbon to nutrient ratio in consumers). We will address
these issues in a future paper; for this paper we choose the
second option, which is the simpler and commoner of the
two. Then the maintenance and mortality rates add to a
single loss term.

Using Eq. (1), we can now write the expression for the
specific biomass synthesis rate of the consumers. The arrival
flux of producer structure to the synthesizing unit is
proportional to the feeding rate, and the arrival flux of
nutrient reserves is proportional to the product of feeding
rate and nutrient reserve density. Because producer structure



Growth limitations in herbivores 523

and nutrient reserves may both contain nutrients and
catbon, the arrival fluxes of nutrients and carbon are
weighted sums of /, and 7, in which the weights consist of
parameters representing stoichlometric requirements, assim-
ilation efficiencies and growth overheads. To avoid the
introduction of a large number of symbols, we combine
those parameters in weighting factors and call them yield
coefficients. A yield coefficient defines how much biomass
(in moles of carbon) a consumer can make from a mole of
catbon or nutrient in producer structure or nutrient
reserves. The specific consumer biomass synthesis rate is

o = (,;11 + (2 +J’ﬂ2”7)/}>)71+((ﬁlm —U'f“)]}’)il

1
~(Opr +ope + o)) ) — 4 (0)
in which £ is the maintenance rate, 7, is the maximum
specific consumer biomass synthesis rate, y,; and yy, are the
yield coefficients for assimilating nutrients and carbon from
producer structure, and y,; and y,, are the yield coefficients
for assimilating nutrients and carbon from the nutrient
reserves. All yields are non-negative and mass balance
constraints dictate that y, < 7,/5, (when 1 = n,/n, all
nutrients from producer structure can potentially be
assimilated); 3, < 1 (when y,, =1, all carbon from pro-
ducer structure can be potentially assimilated and there is no
growth overhead); y,1 < 1/#, (when y,1 = 1/n, all nutrients
from producer nutrient reserves can potentially be assim-
ilated); y,, <1 (when y,, =1, all carbon from producer
nutrient reserves can be potentially assimilated and there is
no growth overhead).

In order to visualize the limiting contribution of nutrients
to the rate at which consumers synthesize biomass, we use
the concept of the dominant limiting factor defined in the
previous section. Nutrients are the dominant limiting factor
for consumer biomass synthesis when

(2 +o2m)jp > Ot +mm)jp-
We define the ratio of these two expressions as the
limitation coefficient, L,
+
1 =) (7)
It +Iam
when . > 1, nutrients are the dominant limiting factor for
consumer biomass synthesis. This expression simplifies in
our example with Daphnia, algae and phosphorus, as algal

phosphorus reserves are assumed to contain no carbon; thus
_)/712 = O

DAPHNIDS AND ALGAE WITH LOW PHOSPHORUS

We illustrate the behaviour of the system with parameter
values that are reasonable for a phosphorus-limited system

with algae as producers and with daphnids as consumers
(see Table 1). Some parameters show a large natural
variability, notably the total phosphorus content of the
system, the P to C ratio in algal structure, and the mortality
rate in Daphnia populations, and for these parameters we
examine the dynamics for a range of values. We keep the
algal carrying capacity, which equals the total phosphorus
density divided by the P to C ratio in algal structure, below
200 pMm carbon (roughly equalling 2.4 mg C. L") and thus
explote a range that covers oligotrophic and eutrophic
environments. For simplicity, we assume that algal phos-
phorus reserves lack carbon, and that daphnids can, if
needed, assimilate all the phosphorus in their food with a
100% efficiency, implying that the yield coefficients for
assimilating phosphorus are determined by the P to C ratios
in algal structure and Daphnia biomass. We also assume that
the maximum specific biomass synthesis rate in Daphnia is
very large and set 1/ s equal to zero. Thus, the growth
potential of Daphnia is bounded through the feeding rather
than the assimilation process.

A natural starting point for our analysis is to ignore the
potential contribution of phosphorus to the Daphnia
biomass synthesis rate. Then, Eq. (6) reduces to 7. = )y
and the system is similar to the classic Rosenzweig—
MacArthur model (Rosenzweig & MacArthur 1963), except
that it replaces the constant carrying capacity ((Vy/7,) in
the logistic equation for algal growth with a vatiable factor
that depends on consumer density (namely, (IN,,, — #.X./n,).
Despite this difference, our model ignoring the contribution
of food phosphorus content on Daphnia growth has the
same qualitative behaviour as the Rosenzweig—MacArthur
model. The phase plane plot in Fig. 3(a) shows a hump-
shaped isocline for algae, and a straight vertical isocline for
Daphnia (the isocline for algae shows the combinations of
algal and Daphnia densities at which the algal density does
not change; similarly, the isocline for Daphnia shows the
non-growth combinations for Daphnia). The intercept of the
two isoclines marks the viable or positive equilibrium,
at which both populations coexist at constant densities
(other equilibria are at (0,0) — no algae, no daphnids: and
((Npur/mp,0) — algae at carrying capacity, no daphnids). This
viable equilibrium is stable at relatively low total phosphorus
densities, and unstable at high total phosphorus densities. At
these high total phosphorus densities, the densities of algae
and Daphnia fluctuate in limit cycles with amplitudes that
become progressively larger with increasing total phospho-
rus densities, a phenomenon called the “paradox of
enrichment”.

If we now add the possibility of phosphorus-limited
Daphnia growth, hump-shaped isoclines for both algae and
Daphnia arise. These isoclines may fail to cross, or may cross
once or twice (see Fig. 3). With a single crossing, the model
dynamics are qualitatively similar to the simplified model

©2001 Blackwell Science Ltd/CNRS
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Table 1 List of symbols and values; a # represents a number, and quantities representing rates contain a dot.

Symbol Interpretation Default value Range Dimension Soutce

b Specific mortality rate 0. 0-0.3F da McCauley ez al. 1988

J Production flux - - #o!

j ” Maximum production flux — - #!

1 Binding rate of substrate x; - - #i!

j P Binding rate of substrate x, - - #!

J» Specific feeding rate of consumer - - '

Jom Maximum specific feeding rate of consumer 1.0 - da Nisbet e# al. 1991, 1997

K Saturation constant of consumer feeding 12 - uM C Lampert 1977;
McCauley ez al. 1990

£ Specific maintenance rate ot 0-0.3F da Bohrer & Lampert 1988;
McCauley ef al. 1990;
Glazier 1991

L Limitation coefficient - - -

m Nutrient reserve density - - UM P pM C™!

m Number of binding sites for substrate x; - - #

7 Number of binding sites for substrate x, - - #

7, Nutrient to carbon ratio in consumer structure 0.0125 0.010-0.015 UM P uM C™" Elser e al. 2000

7y Nutrient to carbon ratio in producer structure 0.0033 0.0005-0.00503 pM P uM C™' Elser ¢z a/. 2000

N, Density of total nutrient 0.45 0.1-0.5% pM Watson e al. 1992

7 Specific consumer biomass synthesis rate - - d!

Tom Maximum specific consumer biomass synthesis rate oo - d!

Fpm Maximum specific growth rate of producers 1.0 - da! Smith & Kalff 1982

X, Producer density - - uM C

X, Consumer density - - uM C

I Yield coefficient for assimilating 80 70-100 UM P uM C™" Elser e a/. 2000

nutrients from producer nutrient reserves

2 Yield coefficient for assimilating carbon 0.0

from producer nutrient reserves

Ipt Yield coefficient for assimilating nutrients 0.262

from producer structure

I Yield coefficient for assimilating carbon 0.5

from producer structure

- puM P uM C
0.05-0.50 - Elser et al. 2000

Nisbet ez /. 1991, 1997

+The default value of the combined mortality and maintenance rates is 0.15 d™', and the range examined is 0-0.30 d™". $Values varied such

that the algal carrying capacity IV,,/n, is between 0 and 200 pm C.

version discussed above (see Fig. 3b). The viable equilibri-
um may be locally stable or unstable, depending on the total
phosphorus density, and the model shows the paradox of
enrichment. Furthermore, as in the simplified model,
Daphnia can always persist in this system, provided that a
viable equilibrium exists.

With a single viable equilibrium, the dynamics of algae
and Daphnia may show population cycles like those in simple
producer-consumer models (see Fig. 4). With similar
parameter values to those in Fig. 3(b), population cycles are
relatively large (see Fig. 4c). Relative to the simplified model
ignoring the contribution of phosphorus to Daphnia growth,
the limit cycles show somewhat smaller amplitudes for the
Daphnia density and somewhat higher peaks in the algal
density (results not shown). As Daphnia growth is restricted
by algal phosphorus content, the control that Daphnia can
exert on algal growth is less than in the simplified model and

©2001 Blackwell Science Ltd/CNRS

the so-called “prey escape cycles” are more pronounced. The
amplitudes of the population cycles increase with increasing
total phosphorus densities (see Figs 4a,c).

The relative contribution of phosphorus to the biomass
synthesis rate of Daphnia changes during a cycle. With total
phosphorus densities of 0.3 um and 0.45 um P, the
limitation coefficient is periodically greater than 1 (see
Figs 4b,d), implying that for part of the time phosphotus is
the dominant limiting compound for Daphnia biomass
synthesis. Phosphorus limitation is especially prevalent
when the algal density is high (see Fig. 4), that is, when
most of the phosphorus in the system is contained in algal
structure. Because peak densities become progressively
higher with increasing total phosphorus densities, high total
phosphorus densities imply alternating petiods of strong
and weak phosphorus-limited Daphnia growth (see Figs 4
b,d). Phosphorus limitation may also be substantial (but
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Figure 3 When phosphorus does not affect Daphnia growth (a), one positive equilibrium may exist (matked with the dot at (5,16); the stability
of this equilibrium gives way to limit cycles with increasing total phosphorus densities. Inclusion of phosphorus as a determinant of the
biomass synthesis rate of Daphnia causes the Daphnia isocline to bend. With a relatively low combined loss rate, the algal and Daphnia isoclines
may cross once and both populations converge either to a stable equilibrium or limit cycles, depending on the total phosphorus density (b).
With higher combined loss rates, two positive equilibria arise and the long-term dynamics of the system depend on initial concentrations (c).
Inside the area enveloped by the solid line, the dynamics converge to limit cycles; outside this area, Daphnia will go extinct and algae grow to
their carrying capacity. With yet higher mortality rates, the isoclines fail to cross (d), and Daphnia cannot persist. Parameter values are in
Table 1, and the combined loss rates are 0.15 d™' (a and b), 0.21 d”' (c) and 0.25 d™' (d). Phase plane plots are constructed with pplane 5

(Polking 1999).

never dominant) when the total phosphorus density is
sufficiently low for a stable viable equilibrium. With a total
phosphorus density of 0.2 pn and 0.25 um P, the limitation
coefficient approaches a steady state value of 0.92 and 0.51,
respectively. The prevalence of phosphorus limitation for
Daphnia is also affected by loss rates, as low maintenance

and mortality rates lead to large amplitude cycles and hence
favour periodical bouts of relatively strong phosphorus-
limited Daphnia growth (results not shown). In general,
factors that tend to destabilize the system also cause
periods with strong phosphorus-limited conditions for
Daphnia.
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Figure 4 The impact that algal phosphorus can have on Daphnia growth depends on the stability of the system. With a low total phosphorus
density of 0.3 pm, the densities of algae (solid line) and Daphnia (broken line) fluctuate with a relatively low amplitude (a), and algal
phosphorus contributes little to the biomass synthesis rate of Daphnia (b). With a high total phosphorus density of 0.45 i, algae (solid line)
and Daphnia (broken line) show large amplitude cycles (c), and the limitation coefficient is periodically above 1 (d), implying that algal
phosphorus is at times the dominant limiting factor for Daphnia growth. Parameter values are in Table 1.

The algae and Daphnia isoclines may also cross twice (see
Fig. 3c), or they may fail to cross (see Fig. 3d). In the latter
case, the Daphnia loss rates are too high for coexistence.
Daphnia cannot persist and the algae grow to their carrying
capacity. The former case is more interesting as it yields two
viable equilibria (see Fig. 3c), and it arises when the
combined mortality and maintenance rates are relatively
high but not so high that the Daphnia isocline remains
completely below the algal isocline. The equilibrium to the
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left has the same local properties as the one in Fig. 3(b); the
novel equilibrium to the right is a saddle, implying that it is
unstable and that the dynamics of the system depend on
initial conditions. Combinations of algal and Daphnia
densities inside the atea enveloped by the solid line in
Fig. 3(c) yield dynamics related to the equilibrium to the left,
the algal and Daphnia densities are likely converge to limit
cycles. In contrast, combinations of algal and Daphnia
densities outside the area marked by the solid curve will



Growth limitations in herbivores 527

always lead to the extinction of Daphnia, whereas algae will
increase to the carrying capacity. Thus, this system with the
algal density at carrying capacity can not be invaded by
Daphnia (unless the inoculum is very high). The potential
dynamics with a second viable equilibrium are mathemat-
ically complex and it suffices to state here that the shape of
the enveloped area may change considerably when param-
eters are altered, and that at high total nutrient densities,
Daphnia may go extinct, regardless of initial conditions.

DISCUSSION

Liebig’s rule of the minimum, which states that a process
can only be limited by one factor at a time, is omnipresent in
ecological thinking. Models routinely contain minimum
functions with discrete switches between limiting factors
(see, e.g. Andersen 1997; Loladze ef al. 2000). However, this
approach is mechanistically artificial and conceptually
limiting. We have used a modelling framework that deals
with multiple, simultaneously limiting factors. This mecha-
nistically underpinned framework uses synthesizing units to
describe smooth transitions between states with different
dominant limiting factors. As a consequence, not one single
factor determines completely the rate of a process at any
time, although a factor may be dominant. The relative
contribution of a factor to the rate of a process can be
displayed with a simple mathematical expression defining
the limitation coefficient. We have used the synthesizing
unit concept in models describing the growth of herbivores
subsisting on a producer made up of “reserves” and
“structure” that differ in elemental composition, and
parameterized our models for Daphnia subsisting on
phosphorus-limited phytoplankton, but the formalism is
general and could be equally well applied to any consumer
feeding on a food source with variable nutrient content, for
example, to herbivorous insects in terrestrial food webs
where carbon to nutrient ratios in primary producers are
much higher than in aquatic systems (Elser ez a/. 2000).
Our results confirm and generalize previous findings by
Andersen (1997) and Loladze ez al. (2000) that Daphnia may
go extinct in circumstances where food composition
strongly influences Daphnia growth. Long-term persistence
of Daphnia depends on several parameters., notably the P to
C ratio in algal structure, total phosphorus density, and the
combined loss rates of Daphnia. Those parameters affect the
shape of the isoclines and determine the number and nature
of equilibria in our model. Fortunately, there is extensive
empirical information for both the value of those param-
eters and their range in natural lakes (see Table 1), and we
can therefore explore the effects of this variation in
parameter values in natural systems. For example, an
increase in the total phosphotus density increases the peaks
of both isoclines and their intercepts with the x axis. An

increase in combined Daphnia loss rates does not affect the
shape of the algal isocline, but reduces the peak of the
Daphnia isocline and its intercept with the x axis. Going
from low to high Daphnialoss rates, the system has first one,
then two and finally no viable equilibria (see Figs 3b—d). The
range in loss rates over which two equilibria exist is very
narrow for most parameter combinations.

An increase in the P to C ratio in algal structure does not
directly affect the shape of the Daphnia isocline, but reduces
the peak of the algal isocline and lowers the carrying
capacity. Thus, the likelihood for Daphnia persistence
increases and the odds for having two viable equilibria
decreases. With a moderate P to C ratio in algal structure of
0.004 and a total phosphorus density of 0.4 pum (carrying
capacity is 100 um C), the combined loss rates have to be as
high as 0.23 d' in order to have two viable equilibria,
whereas with a marginal increase to 0.25 d”', the system
does not support a viable Daphnia population. Those loss
rates are high for Daphnia. With a very low P to C ratio in
algal structure of 0.0005 and a total phosphorus density of
0.05 pMm (carrying capacity is again 100 pum C), the combined
loss rates must be smaller than 0.04 d™' in order to have a
viable Daphnia population: this loss rate is unrealistically low.
Those examples show that, under constant growth condi-
tions, most systems with Daphnia and algae will tend to have
only one viable equilibrium.

Our results are consistent with experimental results and
field observations that the phosphorus content of food can
have a substantial effect on the growth of Daphnia (Urabe &
Sterner, 1996; Urabe ¢ a/. 1997; DeMott et al. 1998; DeMott
& Gulati 1999; Elser et al. 2001). We have shown that the
magnitude of this effect is likely to change over time in real
systems. The limitation coefficient, which displays the
relative contribution of phosphorus to Daphnia growth
closely follows the population cycles of algae (see Fig. 4).
Phosphorus limitation is especially prevalent at high algal
densities, and thus factors that destabilize the system also
tend to bring about periods of strong phosphorus-limited
Daphnia growth. Although the limitation coefficient is a
dynamic quantity, it can be used to determine the potential
of phosphorus to limit Daphunia growth. The limitation
coefficient is highest when the phosphorus reserve density
in algae is negligibly low. If we assume that Daphnia can, if
needed, assimilate all the phosphorus in their food with a
100% efficiency, the limitation coefficient equals y,.7,/7,, 1.e.
the ratio of the carbon to phosphorus ratio in Dapbnia and
the minimum cell quota times the assimilation efficiency for
catbon. The range of values of these parameters for a
system with algae and Daphnia are well known, and can be
easily determined experimentally for other systems.

The relative contribution of phosphorus to the biomass
synthesis rate of Daphnia changes during a cycle. With total
phosphorus densities of 0.3 um and 045 um P, the

©2001 Blackwell Science Ltd/CNRS
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limitation coefficient is periodically greater than 1 (see
Figs 4b,d), implying that for part of the time phosphorus is
the dominant limiting compound for Daphunia biomass
synthesis. Phosphorus limitation is especially prevalent
when the algal density is high (see Fig. 4), that is, when
most of the phosphorus in the system is contained in algal
structure. Because peak densities become progressively
higher with increasing total phosphorus densities, high total
phosphorus densities imply alternating periods of strong
and weak phosphorus limitation of Daphuia growth (see
Figs 4b,d). Phosphorus limitation may also be substantial
(but never dominant) when the total phosphorus density is
sufficiently low for a stable viable equilibrium. With a total
phosphorus density of 0.2 um and 0.25 pm P, the limitation
coefficient approaches a steady state value of 0.92 and 0.51,
respectively. The prevalence of phosphorus limitation for
Daphnia is also affected by loss rates, as low maintenance
and mortality rates lead to large amplitude cycles and hence
favour periodical bouts of relatively strong phosphorus-
limited Daphnia growth (results not shown). In general,
factors that tend to destabilize the system also lead to
periods with strong phosphorus-limited conditions for
Daphnia.

Consumers may play an important role in the recycling of
nutrients in producers. Empirical information on nutrient
recycling can be analysed with our model. Consumers
necessarily excrete nutrients during maintenance processes
at a rate /7.X,, in order to maintain a constant body
composition. Additionally, consumers release the nutrients
that they did not assimilate from their food: this release rate
is ( jp(np—i—m) —i’,ﬂ[))(,. Another source of nutrient
recycling is the decomposition of dead consumers at a rate
of /y'n[)([. Commonly, the remineralization potential of
consumers is expressed as the nutrient release rate as a
fraction of the feeding rate (Elser & Urabe 1999). This
remineralization potential equals 7, + 7 + 7, (/é +h+ i}) Vb
Figure 5 shows a model fit of this remineralization potential
to empirical data. These data, compiled by Elser & Urabe
(1999), are from widely different sources and contain
measurements on zooplankton from marine and aquatic
systems. Despite the heterogeneity in source material, we
obtain a good fit, even assuming that parameter values are
similar in all systems. The C to P ratio in consumers is about
70, and the minimal C to P ratio in producers about 300, but
the error bound on the latter is very high (see Fig. 5). The
ratio of the combined loss rates and the feeding rate is 0.21.
Those parameter values are reasonable for systems with
Daphnia (see Table 1).

Finally, we note that it is possible to use synthesizing
units to describe herbivore growth in many subtly different
ways, all consistent with stoichiometric constraints. In this
paper we have used atrival fluxes based on assimilation rates
of elemental matter. With this assumption, the effect of
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Figure 5 The model predicts the rate at which consumers excrete
phosphorus relative to their feeding rate. This rate is a nonlinear
function of algal phosphorus content, and also depends relatively
strongly on the feeding rate. The line represents a model fit to
empirical data compiled by Elser & Urabe (1999). Nonlinear least
squares parameter estimates are (with standard error): &+ /ﬂ)/p =
0.2093 (£ 0.038), , = 0.0147 (£ 0.0048), z, = 0.0032 (+ 1.9 10°).
The parameter y,, can not be estimated and its value has
been held at 0.5; it is assumed that, if needed, consumers can
assimilate all phosphorus from algae, and therefore y,1 = 7,/n. and
I = 1/n..

food quality is simply to change the consumer’s assimilation
efficiency in response to the state of its food. Andersen
(1997) notes that this assumption may overstate the effects
of food composition, as the energy in large quantities of
food is assumed unavailable to meet maintenance demands.
Some authors (Andersen 1997; Hessen & Bjerkeng 1997)
have proposed non-mechanistic, alternative representations
of herbivore growth in response to this concern. We have
work in progress on a family of models based on
synthesizing units with different choices for the arrival
fluxes, which will provide a mechanistic basis for these
alternate models.
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